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Abstract. We construct a family of integral kernels for solving the <9-equation with C k 
and Holder estimates in thin tubes around totally real submanifolds in C n (theorems 1.1 
and 3.1). Combining this with the proof of a theorem of Serre we solve the <i-equation with 
estimates for holomorphic forms in such tubes (theorem 5.1). We apply these techniques 
and a method of Moser to approximate C fc -diffeomorphisms between totally real subman- 
ifolds in C n in the C fc -topology by biholomorphic mappings in tubes, by unimodular and 
symplectic biholomorphic mappings, and by automorphisms of C n . 

&1. The results. 

Let C n denote the complex n-dimensional Euclidean space with complex coordinates 
z = (zi, . . . , z n ). A compact C fc -submanifold M C C n (k > 1), with or without boundary, 
is totally real if for each z £ M the tangent space T Z M (which is a real subspace of T z C n ) 
contains no complex line; equivalently, the complex subspace T^M = T Z M + iT z M of 
T z C n has complex dimension m = dim^M for each z £ M. We denote by T§M = {z £ 
C n :dM(z) < S} the tube of radius S > around M; here \z\ is the Euclidean norm of 
z £ C n and d M (z) = inf{|z - w\:w £ M}. 

For any open set U C C n and integers p,q £ Z + we denote by C l p q (U) the space of 
differential forms of class C l and of bidegree (p, q) on U. For each multiindex a £ Z^ 1 
we denote by d a the corresponding partial derivative of order \a\ with respect to the 
underlying real coordinates on C n . 

The following is one of the main results of the paper; for additional estimates see 
theorem 3.1 in sect. 3 below. 

1.1 Theorem. Let M C C n be a closed, totally real, C 1 -submanifold and let < c < 1. 
Denote by T$ the tube of radius 5 > around M. There is a do > and for each integer 
I > a constant C\ > such that the following hold for all < 5 < So, p > 0, q > 1 and 
I > 1. For any it £ C l p q {T$) with du = there is a u £ satisfying dv = u in T c § 

and the estimates 

\\ v \\l°°(t cS ) < Co <5||w||z,°°(r s ); 
l|9 a «|U<- ( r e4 ) < Q(5||a a W || LO o (Ta) + 5 1 -I«I|| U || LOO(T5) ) ; | a | < /. (i.i) 

If q = 1 and the equation dv = u has a solution vq £ C l ^^(Ts), there is a solution 
v £ C l (pQ)(Ts) of dv = u on T c $ satisfying for 1 < j < n and \a\ = I: 

\\djd a v\\ L °o( Tcs) < Cj+i (u(djd a v ,6) + S~ l \\u\\ L ^ iTs )) ■ 



In the last estimate u (/, 8) = sup{|/(x)— f(y)\: \x—y\ < 6} is the modulus of continuity 
of a function; when / is a differential form on C n , u(f, t) is defined as the sum of the moduli 
of continuity of its components (in the standard basis). The constants Ck appearing in 
the estimates are independent of u and 5 (they depend only on M and c). 

The solution in theorem 1.1 is obtained by a family of integral kernels, depending on 
6 > and constructed specifically for thin tubes (and hence is given by a linear solution 
operator on each tube T$). Immediate examples show that the gain of 5 in the estimate 
for v is the best possible. When u is a (0, l)-form (or a (jp, l)-form), the estimates for 
the derivatives of v in (1.1) follow from the sup- norm estimate by shrinking the tube and 
applying the interior regularity for the 9-operator (lemma 3.2). This is not the case in 
bidegrees (p, q) for q > 1. We refer to section 3 below for further details. 

Another major result of the paper is theorem 5.1 in section 5 on solving the equation 
dv = u for holomorphic forms in tubes T$ with precise estimates. Theorem 5.1 is obtained 
by using the solutions of the 9-equation, provided by theorem 3.1, in the proof of Serre's 
theorem to the effect that, on pseudoconvex domains, the de Rham cohomology groups 
are given by holomorphic forms. 

We now apply these results to the problem of approximating smooth diffeomorphisms 
between totally real submanifolds in C n by biholomorphic maps in tubes T$ and by holo- 
morphic automorphism of C n . The tools developed here give optimal results without any 
loss of derivatives in these approximation problems. 

The complex normal bundle vm — ► M of a totally real submanifold M C C n is defined 
as the quotient bundle vm = TC u \m /T c M . It can be realized as a complex subbundle 
of TC n \ M such that TC n \ M = T c M © v M . Given a diffeomorphisms /: M -> M x 
between totally real submanifolds M , M\ C C n , we say that the complex normal bundles 
TVi-.Ui — > Mi are isomorphic over / if there exists an isomorphism of C-vector bundles 
0: vq — > v\ satisfying tt\ o <fi = f o tt . 

1.2 Theorem. Let f: M — > M x be a diffeomorphism of class C k between compact totally- 
real submanifolds M ,Mi C C n , with or without boundary (n > 1, k > 2). Assume that 
the complex normal bundles to Mq and Mi are isomorphic over f . Then there are numbers 
5o > and a > such that for each 5 G (0, 8q) there exists an injective holomorphic 
map Fs:TsMq — > C n such that F$(TsMo) D T a sM± and the following estimates hold for 
0<r<kas5^0: 

\\Fs\mo - f\\cr(M ) = o(5 h ~ r ), 1 1 -^i -1 1 Mi - f~ 1 \\c^(M 1 ) = o(S k ~ r ). (1.2) 

The C r (M)-norm is defined as usual by using a finite open covering of M by coordinate 
charts and a corresponding partition of unity. An important aspect of theorem 1.2 is the 
precise relationship between the rate of approximation on Mq resp. on Mi and the radius 
5 of the tube on which the approximating biholomorphic map F$ is defined. The condition 
that the complex normal bundles are isomorphic over / is necessary since the derivative 
of any biholomorphic map, defined near M and sufficiently close to / in the C 1 (M )- 
norm, induces such an isomorphism. If M and Mi are contractible (such as arcs or 
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totally real discs) or if they are of maximal real dimension n, theorem 1.2 applies to any 
C fc -diffeomorphism f:M — > M\. 

When all data in theorem 1.2 are real-analytic, / extends to a biholomorphic map 
F from a neighborhood of Mo onto a neighborhood of M\ (see remark 1 after the proof 
of theorem 1.2 in sect. 4). In such case we say that Md and Mi are biholomorphically 
equivalent; such pairs of sub manifolds have identical local analytic properties in C n . This 
is not so if / is smooth but non real-analytic, for there exist smooth arcs in C n which are 
complete pluripolar as well as arcs which are not pluripolar [DF], yet any diffeomorphism 
between smooth arcs can be approximated as in theorem 1.2. 

We don't know whether in general there exist biholomorphic maps F$ in a fixed open 
neighborhood of M and satisfying (1.2) as S — > 0. However, in certain situations we can 
approximate diffeomorphisms by global holomorphic automorphisms of C n . Recall that a 
compact set K C C n is polynomially convex if for each z G C n \K there is a holomorphic 
polynomial P on C n such that |-P(z)l > sup{|P(x)|: a; G K}. We denote by AutC n the 
group of all holomorphic automorphisms of C n . 

Definition 1. 

(a) A C k -isotopy (or a C k -flow) in C n is a family of C k -diffeomorphisms ft'- Mo — > Mt 
(t G [0, 1]) between C k -submanifolds Mt C C n such that fo is the identity on Mq, and 
both ft(z) and -j^ft(z) are continuous with respect to (t, z) G [0, 1] x Mq and of class 
C k (M ) in the second variable for each fixed t G [0, 1]. 

(b) The isotopy in (a) is said to be totally real (resp. polynomially convex) if the subman- 
ifold M t C C n is totally real (resp. compact polynomially convex) for each t G [0, 1]. 

(c) The infinitesimal generator of ft as in (a) is the time-dependent vector Geld X t on 
C n which is uniquely defined along M t by the equation j^f t {z) = X t (f t (z)) (z G M , 
te[0,l}). 

(d) A holomorphic isotopy (or holomorphic flow) on a domain D C C n is a family of 
injective holomorphic maps F t : D — > C n such that F is the identity on D and such 
that the maps F t (z) and j^F t {z) are continuous with respect to (t, z) G [0,1] x D. 
Its infinitesimal generator X t , defined as in (c), is a holomorphic vector field on the 
domain D t = F t (D) for each t G [0, 1]. 

1.3 Theorem. Let M C C n be a compact C k -submanifold of C n (n > 2, k > 2). 
Assume that ft-Mo — > M t C C n (t G [0,1]) is a C k -isotopy such that the submanifold 
M t = f t (M ) C C n is totally real and polynomially convex for each t G [0,1]. Set 
f = f\\ Mq — >■ Mi. Then there exists a sequence Fj G AutC n (j = 1, 2, 3, . . .) such that 

lim ||-Fj|mo - f\\c k (M () ) = 0, lim \ Ml - f~ 1 \\c k (M 1 ) = 0. (1.3) 

Combining theorem 1.3 with corollary 4.2 from [FR] we obtain: 

1.4 Corollary. Let f: Mq — > Mi be C k -diffeomorphism (k > 2) between compact, totally 
real, polynomially convex submanifolds of C n of real dimension m. Ifl<m<2n/3, there 
exists a sequence Fj G AutC n (j = 1, 2, 3, . . .) satisfying (1.3). 



3 



Theorems 1.2 and 1.3 are proved in sect. 4 below. A weaker version of theorem 1.3 
(with loss of derivatives) was obtained in [FL] by applying Hormander's L 2 -method for 
solving the (^-equations in tubes. For a converse to theorem 1.3 see remark 2 on p. 135 
in [FL]. When / is a real-analytic diffeomorphism as in theorem 1.3 the approximating 
sequence Fj G AutC n can be chosen such that it converges to a biholomorphic map F in 
an open neighborhood of M in C n satisfying F\m = f [FR]. 

We now consider the approximation problem for maps preserving one of the forms 

u = dzi A dz 2 A • • • A dz n , (1.4) 

n 

n = 2n' , uj = dz 2 j-i A dz 2 j. (1-5) 
i=i 

A holomorphic map F between domains in C n satisfying F*ui = uj will be called a holomor- 
phic uj-map. (1.4) is the (standard) complex volume form on C n ; in this case F*ui = JF- u>, 
where JF is the complex Jacobian determinant of F, and w-maps are called unimodular. 
(1.5) is the standard holomorphic symplectic form, and holomorphic cu-maps are called 
symplectic holomorphic. We denote the corresponding automorphism group by 

Aut^C n = {F G AutC n : F*u = u}. 

For convenience we state the approximation results for cu-maps (theorems 1.5, 1.7 and 
corollary 1.6) only for closed submanifolds; for an extension to manifolds with boundary 
see the remark following theorem 1.7. 

1.5 Theorem. Let u be any of the forms (1.4), (1.5). Let f:M -> M x be a C k - 
diffeomorphism between closed totally real submanifolds in C n (k,n > 2). Assume that 
there is a C k ~ 1 -map L: M — > GL(n, C) satisfying 

L z \ Tz M = df z , L* z u = oj (zeM ). (1.6) 

Then for each sufficiently small S > there is an injective holomorphic map F§: T$M G — > C n 
such that FfiU = uj and (1.2) holds as S — > 0. If Mo, Mi and f are real-analytic and if 
there exists a continuous L satisfying (1.6), then f extends to a biholomorphic map F on 
a neighborhood of Mq satisfying F*uj = uj. 

The notation L* z ui in (1.6) denotes the pull-back of the multi-covector uif^ by the C-linear 
map L z (which we may interpret as a map T z C n — > Tf^C n ). Clearly (1.6) implies that 
the complex normal bundles Vj — > Mj are isomorphic over /. Denoting by SL(n, C) the 
special linear group on C n and by Sp(n, C)) the linear symplectic group on C 2n , we can 
express the condition in theorem 1.5 as follows: 

(*) There exists a C^-map L: M -> SL(n,C) (resp. L: M -> Sp(n,C)) such that 
L z = df z on T Z M for each z G M . 

The only obvious necessary condition for the approximation of a C fc -diffeomorphism 
/: M — > Mi by holomorphic w-maps is that the complex normal bundles Vj — > Mj are 
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isomorphic over / and that f*(i\u) = i^u, where ij'-Mj <— > C n is the inclusion. Theorem 

1.5 reduces this analytic approximation problem to the geometric problem of finding an 
extension L of df satisfying (1.6). The regularity of L is not the key point; it would suffice 
to assume the existence of a continuous L satisfying (1.6) since an argument similar to the 
one in the proof of theorem 1.5 for the real-analytic case then allows us to approximate 
L by a C fc_1 -map satisfying (1.6). We expect that such extension does not always exist, 
although we do not have specific examples. Here are some positive results. 

1.6 Corollary. Let u be one of the forms (1.4), (1.5), and let k,n>2. Let f:M — > Mi 
be a C k -diffeomorphism between closed totally real submanifolds such that the complex 
normal bundles to Mq resp. Mi in C n are isomorphic over f and f*u = igU. Then the 
conclusion of theorem 1.5 holds in each of the following cases: 

(i) dimM = dim Mi = n, 

(ii) u = dz\ A • • • A dz n and M is simply connected, 

(in) u = dz\ A ■ ■ • A dz n and u admits a complex line subbundle. 

In cases (ii) and (iii) we have f*u = IqU = when m < n. Finally we present 
approximation results for w-fiows. We first introduce convenient terminology. 

Definition 2. Let uj be a differential form on C n and let f t : M -»• M t C C n (t G [0, 1]) 
be a C k -isotopy with the infinitesimal generator X t (definition 1). 

(a) ft is an u-flow if the form f£u on Mq is independent of t e [0, 1]. 

(b) An ui-fiow ft is closed (resp. exact) if for each t e [0, 1] the pull-back to M t of the form 
a t = X t \u> (the contraction of uj by X t ) is closed (resp. exact). 

(c) Let U C C n be an open set and to a holomorphic form on C n . A holomorphic flow 
F t : U — > C n (t E [0, 1]) satisfying F^ui = uj for all t is called a holomorphic uj-flow. 

Remark. If du = (this holds for the forms (1.4), (1.5)) then a flow f t : Mq — > M t is an 
w-flow if and only if the pull-back of a t = X t \uj to M t is a closed form on M t for each 
t G [0, 1]. This can be seen from the following formula for the Lie derivative L Xt uj ([AMR], 
p. 370, Theorem 5.4.1. and p.429, Theorem 6.4.8. (iv)): 

|(/» = tt{L Xt u) = ft {d(X t \uj) + X t \dw) = f t *(da t ). 

Hence f^uj is independent of t if and only if d(i^a t ) = on M t for each t G [0, 1]. 

1.7 Theorem. Let uj be any of the forms (1.4), (1.5). Assume that M C C n is a closed 
totally real submanifold and f t : M — > M t C C n (t G [0, 1) is a totally real ui-fiow of class 
C k for some k > 2. Then for each sufficiently small 5 > there is a holomorphic u-flow 
F^-.TsMq — > C n (t G [0, 1]) such that for < r < k we have the following estimates as 
5 > (uniformly with respect to t G [0, 1]): 

WFf ~ ft\\cr(M ) = o(5 k - r ), IKF/)" 1 - f^\\ C r {Mt) = o(5 k - r ). 
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If in addition n > 2 and f t is an exact uo-Qow which is totally real and polynomially convex, 
there is for each e > a holomorphic uj-Qow F t G Aut^C™ such that for all t G [0, 1] 

\\Ft - ft\\c k (M ) < e ' ll-^t 1 ~~ ft \\c k (M t ) < e - 



Theorems 1.5, 1.7 and corollary 1.6 extend to the following situation. Let M be a 
compact domain in a totally real submanifold Mq C C n , not necessarily closed or compact. 
In particular, Mo may be a totally real submanifold with boundary 8Mq and Mq a larger 
submanifold containing Mq. In the context of theorem 1.5 or corollary 1.6 assume that 
/: Mq — > M{ is a C fc -diffeomorphism between totally real submanifolds in C n (k > 2) and 
L: Mq — > GL(n, C) is a C fc_1 -map satisfying (1.6) on Mq. Then the conclusion of theorem 
1.5 holds for Mq: There exist holomorphic w-maps Fg\ TgMo — > C n for all sufficiently small 
6 > satisfying (1.2) as 5 — > 0. Likewise, if the flow / t as in theorem 1.7 is defined on Mq, 
the conclusion of that theorem applies on the compact subdomain Mq C Mq. 

In our last result we consider the problem of approximating a diffeomorphism /: Mq — > 
Mi by holomorphic w-automorphisms of C n . Assuming that Mq and Mi are polynomially 
convex we have two necessary conditions for such approximation: 

- f*u> = i^u, and 

- there is a totally real, polynomially convex flow f t : M — ► M t C C n (t G [0, 1]) with 
fo = Id Mo and fi = f. 

The second condition is necessary since the group Aut w C n is connected (see [FR]). 
When dim Mq is smaller than the degree of uj the first condition is trivial (both sides are 
zero). We summarize some of the situations when such an approximation is possible. Let 
(3 be a holomorphic form on C n satisfying d(3 = uj; when u is given by (1.4) we may 
take (3 = ^ YTj=i{~ l) J_1 cki A • • ■ dzj • • • A dz n , and when uj is the form (1.5) we may take 
P = YTj=i Z2j-\dz 2 j. 

1.8 Theorem. Let n, k > 2. Let M C C n be a compact connected C k -submanifold 
of dimension m and let ft'- Mo — > M t (t G [0, 1]) be a totally real, polynomially convex 
C k -Qow. Assume either that uj is the volume form (1.4), d/3 = uj, and at least one of the 
following four conditions holds: 

(i) m < n — 2; 

(ii) m = n - 1 and H n - 1 (M ; R) = 0; 

(in) m = n — 1, M is closed and orient able, and J Mq f3 = J Mq f*/3 ^ 0; 

(iv) m = n, M is closed and satisfies H n_1 (Mo; R) = 0, and f^ui is independent of t, 

or that n = 2n' (v! > 2), uj is the form (1.5), d/3 = uj, and at least one of the following 
three conditions holds: 

(v) M is an arc; 

(vi) M is a circle and J Mq (3 = J Mq 

(vii) m = 2, M is closed and satisfies H 1 (M ; R) = 0, and f^ui is independent ofte [0, 1]. 
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Set f = fi- M — > Mi. Tien there is a sequence Fj G Aut^C" satisfying (1.3). 

For real-analytic data theorem 1.7 was proved in [F2] in the symplectic case and in 
[F3] in the unimodular case. In that situation the sequence Fj G Aut^C™ can be chosen 
such that it converges to a holomorphic w-map F in a neighborhood of M . 

The paper is organized as follows. In sect. 2 we collect some preliminary material, 
mostly extensions of certain well known results. In sect. 3 we construct a family of integral 
kernels for solving the <9-equation in tubes and we prove the stated estimates; we conclude 
the section by historical remarks concerning such kernels. In sect. 4 we apply theorem 3.1 
to prove theorems 1.2 and 1.3. In sect. 5 we solve the equation dv = u in tubes, where 
u is an exact holomorphic form and we find a holomorphic solution v satisfying good 
estimates. In sections 6 and 7 we prove the results on approximating cu-diffeomorphisms 
by holomorphic cu-maps and cu-automorphisms. At the end of section 4 we also include a 
correction to [FL]. 
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&Z.2. Geometric preliminaries. 

We denote by X\v the contraction of a form v by a vector field X. We shall use the 
following version of the Poincare's lemma ([AMR], p. 437, Deformation Lemma 6.4.17.): 

2.1 Lemma. Let M be a C z '-manifold and w a closed C 1 p-form on I x M; I = [0, 1], 
p > 0. For t G I let i t : M — > I x M be the injection x — > (t, x). Then the (p - l)-form 
v = Jq 1 if(-^\w)dt on M satisfies dv = i\w — IqW. In particular, let F: I x M N be a 
C 2 -map and u a closed C 1 p-form on N; p > 0. Setting f t = F o i t : M — > N and w = F*u 
we get dv — flu — f^u. 

We shall apply this to the case when F is a deformation retraction of a tubular 
neighborhood T$ = T$M of a submanifold M C C n onto M. This means that f\ is the 
identity on T§, f t \M is the identity for all t, and fo(Ts) = M. Set rr = /q. With u a closed 
C 1 p-form on T$ and v as above we get dv = u — ir*u in Tg. 

In the situation that we shall consider we have the following local description of the 
retraction F. Let M be a C fc -submanifold in C n . For U a small open neighborhood in 
M of a point zq E M there is a C fc -diffeomorphism 0: O — > 7r~ 1 (L r ), where O is open in 

R m x R 2n-m ) guch th&t 

(i) F-t-QJ) = O n (R m x {0} 2n " m ) =0' x {0} 2n " m , 

(ii) for x' e O', the set O x > = {y' G R 2n_m : (x',y') G O} is starshaped with respect to 0, 

(iii) the map f t = Foi t is (^-conjugate to (V, y') — > (V, ty') for each t G I = [0,1]. 
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Let u = Y^!\i\+\j\= p u i,j{ x ' ■> V^dx' 1 A dy' J in these coordinates. Then 

w = E' uiAx'ity'W 1 ^d{ty') J 
\i\+\J\=p 

and it is easy to check that 

|7| + |K|=p j = l|J| = |K| + l / 

where equals, if jK is a permutation of J, the signature of that permutation, and 
equals zero otherwise. 

F is constructed by retracting to M along the fibers of a vector bundle supplementary 
to the tangent bundle TM. The normal bundle to M in C n is an obvious choice, but 
is only of class C k ~ 1 when M is a C fc -submanifold. We shall show below that there are 
C fc -subbundles E of M x C n that are arbitrarily close to the normal bundle. When k > 1, 
it is easy to see that (z + E z ) n is starshaped with respect to z for all z G M when S > 
is small enough and i? is sufficiently close to the normal bundle. The map G: E — > C n , 

u) = 2 + f , maps the zero section 0g diffeomorphically onto M, and its derivative dG 
is an isomorphism at each point of 0^;; hence G is a C fc -diffeomorphism of a neighborhood 
{7,5 C E of 0e onto T$ for 5 > small. We may assume that Us H is starshaped with 
respect to (z, 0) for each z e M. When f t is G-conjugate to the map (z, v) — > (z, to) in {7j 
for t e I, the map F has the properties listed above. 

The local coordinates (x',y') are constructed as follows. Let O' — > {7 C M be 
a local C fc parametrization, and s±, . . . ,S2n-m sections of E — > M over {7 which form 
a C fc -trivialization of -E^fy. We set c/)(x',y') = (p(x') + Y^Li™ v'j s j( ( f{ x ')) f° r x ' e O', 
y' G R 2n_m , and restrict it to O = </> _1 (75). Then the fiber O x / is starshaped for all 
x' G O' when 5 > is small enough. 4 

2.2 Lemma. (Approximation of subbundles) Let M be a C k -submanifold of C n and 
E — > M a C l -subbundle (real or complex) of M x C n for some < / < fc. Tien tiere is a 
C k -subbundle E' of M x C n arbitrarily close to E in the C l topology. Moreover, if M is 
totally real in C n and the bundle E is complex, E' may be taken as the restriction to M 
of a holomorphic subbundle ofUx C n for some open neighborhood U of M in C n . 

Proof. A proof may be based on the following standard result. If L: M — > Linc(C n , C n ) 
is a C l map such that L z has constant rank r independent of z G M (abusing the language 
we shall say that L has rank r), then 

E L = {(z, v) G M x C n : v G L z (C n )} (2.1) 

is a complex C^-subbundle of rank r of the trivial bundle M x C n , and every subbundle 
E of M x C n appears in this manner, for instance by setting L z to be the orthogonal 
projection of C n onto the fiber E z for z G M. The analogous result holds for real vector 
bundles. 
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A more regular approximation to a subbundle E may then be obtained by approxi- 
mating the corresponding map L defining E by a more regular map of rank r. The problem 
is that the rank of a generic perturbation of L may increase. To overcome this we use the 
following result: 

Let C be a positively oriented simple closed curve in C, and let L e Lin c (C n ,C n ) 
be a linear map with no eigenvalues on C. Then C n = V + © V-, where V + resp. V- 
are L-invariant subspaces of C n spanned by the generalized eigenvectors of L inside resp. 
outside of C. The map 

P(L) = ^ J c (C/ - L)- 1 d( (2.2) 

is the projection onto V + with kernel V- (see [GLR]). Note that P(L) depends holomor- 
phically on L; thus, if L depends C k or holomorphically on a parameter, so does P(L). 

We now take C to be a curve which encircles 1 but not zero; for instance 

C = {CGC:|C-l| = l/2}. (2.3) 

Let P be the associated projection operator (2.2). If L is a projection then P(L) = L. 
Moreover, for each V sufficiently near a projection L, each eigenvalue of V is either near 
or near 1 and hence P(L') is a projection with the same rank as L. 

Thus, to smoothen E, let L z be the orthogonal projection onto E z for z G M; we ap- 
proximate L by a C fc -map L'\ M — > Linc(C n , C n ) and let E' be the bundle (2.1) associated 
to P(L'). By (2.2) the difference equals 

P(L') -L = ^-J c {{CI - L')- 1 ~ (CI ~ L)- 1 ) dC 

and is C'-small when L' — L is. 

In the real case we extend L: R n — > R n to a complex linear map L: C n — > C n and 
observe that P(L) is also real (i.e., it maps R n to itself) when C is the curve (2.3). Hence 
the restriction of P(L) to R n solves the problem. 

Let now M be a totally real submanifold of C n and E — > M a C l rank r complex 
subbundle of M x C n . For each z G M let L z : C n — > E z be the orthogonal projection onto 
E z . By [RS] we can approximate the C l -map L: M — > Lin c (C n , C n ) as well as we like in 
the C'-topology on M by the restriction to M of a holomorphic map L'\ U — > Linc(C n , C n ) 
defined on an open neighborhood U C C n of M. Shrinking we may assume that L' z has 
exactly r eigenvalues inside C (2.3) for each z e [7, so P(L' Z ) is a rank r projection. The 
map z — > P{L' Z ) is holomorphic in {7 and determines a holomorphic rank r vector bundle 
£" over t/, with £"| M close to M. 4 

Let <i = d + d be the splitting of the exterior derivative on a complex manifold. 

Definition 3. (<9-flat functions) If M is a closed subset in a complex manifold X and 
u is a C k -function (k > 1) defined in a neighborhood of M in X, we say that u is d-flat 
(to order k) on M if d a (du)(z) = for each z G M and each derivative d a of total order 
| a | < k — 1 with respect to the underlying real local coordinates on X. 

We shall commonly use the phrase l u is a <9-flat C fc -function' when it is clear from the 
context which subset Mclis meant. 
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2.3 Lemma. (d-flat partitions of unity) Let M be a totally real C k -submanifold of 
a complex manifold X; k > 1. For every open covering U of M in X there exists a 
C k partition of unity on a neighborhood of M in X , subordinate to the covering IA and 
consisting of functions that are d-flat to order k on M. 

Proof. We may assume that U consists of coordinate neighborhoods. Let 0° be a C k 
partition of unity subordinate to U\m = {U C\M:U &U}. We may assume that the index 
sets agree, so supp C U v for each v. By passing to local coordinates we may find a 
<9-flat C k extension 0„ of 0® with supp^^ C U v . Since p = § v = 1 on M, p ^ in a 
neighborhood V of M in X. It is immediate that (j) v = <j> u /p is a C k partition of unity on 
V which is <9-flat (to order k) on M. 4fc 

As a consequence of lemma 2.3 we see that the usual results about <9-flat extensions of 
maps into are also valid for totally real sub manifolds in arbitrary complex manifolds. 

2.4 Lemma. (Asymptotic complexifications) Let M be a totally real C k -submanifold 
of C n of real dimension m < n; k > 1. Then there existsji C k -submanifold M D M in 
C n , of real dimension 2m, with the^following property: M may be covered by C k local 
parametrizations Z:U — > Z(U) C M, with U C C m open subsets, such that Z~ X (M) = 
U nR m and Z is d-flat on U fl R m . Moreover there is a C k -retraction of a neighborhood 
ofM in C n onto M which is d-flat on M. 

Proof. By a theorem of Whitney ([Wh2], Theorem 1, p. 654) there exists a C^-manifold 
M and a C fc -diffeomorphism G°:M — * M. The manifold M has a complexification M 
which is a complex manifold containing Mq as a maximal real submanifold. The map G° 
has a <9-flat extension G: Mq — > C n which is an injective immersion at M. (To obtain G 
it suffices to patch local <9-flat extensions of Go by a <9-flat partition of unity provided by 
lemma 2.3). Hence G maps a neighborhood of Mo in Mq diffeomorphically onto its image 
M C C n . When Z°: U — > M (U open in C m ) is a local holomorphic parametrization with 
(Z°)- 1 (M ) = U n R m , the map Z = G oJZ° : U -»• M is a local parametrization of the 
type described in lemma 2.4. Note that T Z M = T 2 C M for each z e M. 

Next we prove the existence of a retraction onto M which is <9-flat on M. Let v — > M 
be the complex normal bundle of M in C n . By lemma 2.2 there is an open neighborhood 
O of M in C n and a holomorphic rank (n — m) subbundle N C O x C n such that N\ M 
approximates v well. Shrinking O we may assume that is transversal to M in O. 
This means that the map (f>:N\~ — > C n , <f>(z,v) = z + v, is a C fc -diffeomorphism from 
a neighborhood W of the zero section in N\~ onto its image 0$ C O C C n . We may 

assume that fl N z is starshaped with respect to 2 G A 2 for each z G M. Now the 
deformation retraction (z, v) — > (z, to) (t G [0, 1]) of W onto the zero section in N\ ~ may 

be transported by (p to a retraction F: [0, 1] x O — > O of O onto the submanifold MflO . 
Set 7r = F : O -> M n Oq. Let t/ C C m _and let Z: [/ ^ M be a local C fc -parametrization 
such that Z(?7 n R m ) C M and Z is 9-flat on [/fl R m . Choose holomorphic sections 
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si, ... , s n - m of N which provide a trivialization of iV near Z(U). Then 

n—m 

i=i 

is a C fc -diffeomorphism of a neighborhood W of U x {0} n_m in C n onto 7r _1 (Z'(L r )), 
and it is <9-flat on (C/ n R m ) x{0} n_m . In these coordinates the maps F t are given by 
(z', w') -> (z 7 , W), hence F t is Mat on 7r _1 (M). 4 

2.5 Lemma. (The rough multiplication) Let U be an open set in R N , f G C k {U) and 
g G C fc_1 (£/"), where > 1. Let E be a closed subset ofU such that f(x) — for all x G E. 
Then there exists a function h G C k {U) such that 

(i) \d a (h — fg) \ = o(d k E ' a ') for \a\ < k, uniformly on compacts in U, 

(ii) at points of E we have d a h = J2o^f3<a (/?) ^ a_/3 S r for \a\ < k, and 
(in) if U C and if f and g as above are d-Qat on E C / _1 (0), then so is h. 

The proof is similar to the better known 'Glaeser-Kneser rough composition theorem'; 
the main point is to verify that the collection of functions (<9 a /i)| a |<fc on E, defined by 
(ii), are a Whitney system, i.e., they satisfy the assumptions of the Whitney's extension 
theorem (see [Whl] or [T]). We shall leave out the details of this verification. Let h be 
a C fc -function provided by Whitney's theorem, having the partial derivatives given by (ii) 
at points of E. Then (i) follows easily by comparing the Taylor expansions of d a h, dPf 
and d a ~Pg about the nearest point in E. The case (iii) follows from (ii) which is seen as 
follows. From (ii) we get at points of E and for \a\ < k — 1 




If / and g are 9-flat on E, this expression vanishes when \a\ < k — 1, so we get (iii). 6 

The following lemma is needed in the proof of theorem 1.4 and its corollaries. 

2.6 Lemma. Let M be a totally real, m-dimensional C k -submanifold of C n , f: M — > C p 
a C k -map and I: M — > Linc(C n , C p ) a C k ~ 1 -map such that for each z G M, l z agrees with 
df z on T Z M. Then there is a neighborhood U C C n of M and a C k -map F:U — > C p which 
is d-Hat on M and satisfies F(z) = f(z) and dF z = l z for all z G M. 

Proof. It suffices to prove the result for functions (p = 1); the general case then follows 
by applying it componentwise. So we shall assume p = 1. 

We first consider the local case. Fix a point zq G M. Choose ei, . . . , e n _ m G C n such 
that these vectors, together with the tangent space T Zo M, span a totally real subspace 
of T Zo C n of maximal dimension n. When k: U — > M is a C fc -parametrization of a small 
neighborhood of zq in M, with k(0) = zq, and V is a sufficiently small neighborhood of 
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in R n m , the map (j){x,y) = k{x) + Yll=T Vj e j (x E U, y E V) is a C fc -diffeomorphism 
onto an n-dimensional totally real submanifold in C n . Observe that for x E U and (u, v) E 
II x K n - m we have 

n—m 

l K (x) o d(f>(x,0)(u,v) = df K{x) odK x (u) + V 3 l K(x)( e j)- 

3 = 1 

Since l K ( x ){ e j) is OIu y °f class C k ~ x in x, we apply the rough multiplication lemma to the 
pairs yj, l K ( x )(^j) for 1 < j < n — m to get a C k function honUxV satisfying ^{x, 0) = 0, 
^(x,0) = l K(x) {ej) for 1 <i<mand 1 <j < n - m. With F°(x, y) = /(«(x)) + ^(x, y) 

it follows that dF^ ^ = Z K ( X ) o d<f>( Xj o). When F° resp. are C fc -extensions of F° resp. 

which are 9-flat on R n , we see that is a C fc -diffeomorphism of a neighborhood of E C n 
onto a neighborhood of zq E C n . Thus, near zq, F = F° o _1 is a C fc <9-flat extension of 
/. When z E M we have dF 2 = l z on a maximal totally real subspace, so these two linear 
maps are equal on T z C n . This establishes the local case. 

For the global case let U = {Ui} be an open covering of M and F^ a <9-flat extension 
of / in Ui, with dF^ = l z for z E Ui fl M. By lemma 2.3 there is a partition of unity {(pi} 
by <9-flat C fc -functions on a neighborhood of M subordinate to U. We set F = Y^i^iF ■> 
where the term with index i is zero outside U t . When z E M, dF z = J2 i M z ) dF * i) + 
Ei f(z)d((pi)z- Since £\ ^ = 1, #i = and we get dF z = l z . 4 

&3. Solving the <9-equation in tubes around totally real manifolds. 

In this section we construct a family of integral kernels, depending on a parameter 
6 > 0, for solving the <9-equation in tubes T$M around compact totally real submanifolds 
M C C n of class C . The main result is theorem 3.1 which is identical with theorem 1.1 
except that it contains additional Holder estimates (3.3) and (3.4). 

We denote by dM the Euclidean distance to M. If M is of class C k , it is well known 
that p = d 2 M is a C k strictly plurisubharmonic function in a neighborhood of M when 
k > 1, and when k = 1 there is a strictly plurisubharmonic C 2 -function p such that 
p = d 2 M + o(d 2 M ). As in sect. 1 let T$ denote the tubular neighborhood of M of radius S, 
i.e., the set of points whose distance to M is less than 6. 

For a domain D in R n (or in C n ), a bounded function u in D belongs to the Holder 
class A S (D) for some < s < 1 if |it| Sj r>: = su.p{\u(z+h) — u(z)\\h\~ s : h ^ 0, 2, G -D} < 
00; in this case the Holder s-norm of u is defined by ||m||a s (d) = + |w| Sj £>. When 

s = 1 we set |it|i,£>: = sup{|w(^ + h) + u(z — h) — 2u(z) \ h 7^ 0, z, 2; — /i, 2; + h E D}; 
A 1 (D) is called the Zygmund class on D. When D is a tubular neighborhood 7^M of a 
submanifold M, we write \u\ Sj g for |w| Sj T a M- When s = k + a, k E Z + and < a < 1, we 
take ||m||a s (d) = ll' u llc fe (D) + l-D W U,£)- We sometimes write C k+a (D) for A fc+a (D) when 
< a < 1. 

We extend function space norms to vector fields or differential forms on open sets in R n 
as the sum of the norms of the components. When M is a compact C fc -manifold, we define 
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the norms on functions or forms on M as follows: Let <&,: Uj — > Vj C M, j = 1, • • • ,p, 
be a covering of M by local parametrizations, and • • , P } a C fc partition of unity 

subordinate to the covering {Vi,---,V^} of M. Then we set ||w|| = Y^j=i 
where || • || is a Holder or some other function space norm. Different choices of {$j} and 
{4>j} give rise to equivalent norms on the same space. 

Let z = (zi, ... , z n ) be the complex coordinates and (x±, y±, . . . , x n , y n ) (zj = xj + iyj) 
the underlying real coordinates on C n = R 2n . For 1 < j < 2n, dj denotes the partial 
derivative with respect to the j-th variable. If a = (a±, . . . , «2 n ) is a multiindex of length 
2n then d a denotes the corresponding partial derivative of order \a\ = ol\ + • • • + «2n with 
respect to the real variables on C n = R 2n . 

If / is a function or a form near M, we shall say that / vanishes to order I on M if 
\f(z)\ = o(dM(z) 1 ) and d a f = on M when \a\ < I. Recall that any C fc -function / on 
M can be extended to a C fc -function on C n such that df vanishes to order k — 1 on M 
(Lemma 4.3 in [HoW]). 

We call a continuous function uj: R+ — > R+ a modulus of continuity if it is non- 
decreasing, sub-additive, and cu(0) =0. If /: A — > C, A C R n , is uniformly continuous, we 
define the modulus of continuity of / by u>(f,t) = sup{|/(x) — f(y)\: \x — y\ < t}, t > 0. 
u(f, •) is clearly a modulus of continuity as defined above. We say that a modulus of 
continuity a; is a modulus of continuity for a function / if uj( f, t) < u{t) for all t > 0. If / 
is a form on A, u(f, i) is defined as the sum of the moduli of continuity of its components. 

We denote by C l p q (U) the space of (p, g)-forms of class C l on an open set U C C n . 

3.1 Theorem. Let M C C n be a closed totally real C 1 -submanifold and let < c < 1. 
Denote by T$ the tube of radius 6 > around M. Then there is a 5o > and for each 
integer I > 1 a constant Ci > such that the following hold for < 5 < do, p > 0, (/> 1: 
For each it G C l p q (Ts) with du = there is a v <E C| p 9 _ 1 ^(7j) satisfying dv = u in T c g and 

\\d a v\\ L ~ { T c6) < Q (6\\d a u\\ L ~ {rs) +S 1 - H \\u\\l~(t s) ) , |«| < /• (3.1) 

In particular we have ||i>||l°°(t c<5 ) < C^IMI l°°(t 5 )- If q = 1 and the equation dv = u has a 
solution vo G C[pfy(1s), there is a solution v G q^(1s) of dv = u satisfying for 1 < j < n 

Wdjd^W^^ <C,+i (a;(a j a a V o^) + ^||«||Loo(r 5 )), |«| = /. (3.2) 

If we assume in addition that d a u G A s (7^) for some \a\ < I and < s < 1, we may choose 
v as above satisfying also the following estimates (with constants Ci jS independent of u 
and 5): 

| \djd a v\ \ L ~ {Tcs) < C hs (s a \ \d a u\ \ A s (Ts) + | |u| \l~(t s) ) (3.3) 
| As(Tc5 ) <Q, s (||^|| As( r 5 )+5- |a| - s || W |U oc( r a )) (3.4) 
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Remarks. 1. If u is of class C l , there is in general no C l+1 solution v to dv = u. 

2. In (3.3) one may be tempted to delete 6 s and use instead the L°°(Ts) norm of d a u in the 
first term on the right hand side. This however is false even when n = 1 and is a well known 
phenomenon. Since the Bochner-Martinelli operator used in the proof is a homogeneous 
convolution operator, it gains one derivative in norms such as Holder, Zygmund, Sobolev, 
but not in the sup-norm or the C z -norm. 

3. Theorem 3.1 has the following extension to non-closed totally real C 1 -submanifolds M' 
in C n . Let K be a compact subset of M' and let K' C M' be a compact neighborhood of 
K in M' . For 5 > we set 

U s = {z e C n : d K (z) < 5}, U' s = {ze C n : d K > (z) < 5}. 

Choose c G (0, 1). Given a form u G C pq (U' s ) with du = 0, we can solve dv = u in U c s, 
and the estimates in theorem 3.1 remain valid when the tube T c $ is replaced by U c § on the 
left hand side, and Tg is replaced by U' s on the right hand side of each estimate. The proof 
can be obtained by simple modifications of the kernel construction below. This applies 
to compact totally real submanifolds with boundary in C n since any such is a compact 
domain in a larger totally real submanifold. 4 

In this section C denotes some constant whose value may change every time it occurs, 
but which does not depend on quantities such as u, 6 etc. 

For (0, l)-forms u (and hence for (p, l)-forms, < p < n) a large part of the result 
comes from the interior elliptic regularity of the <9-operator and has nothing to do with 
the particular solution v: 

3.2 Lemma. Let < c < 1. There exist constants Ci > (I G Nj satisfying the 
following. If K C C n is a compact subset, T§ = {z:d(z,K) < 5}, and v a continuous 
function in Tg such that dv G C| ^(Tg) for some I G N then v G C l {T 5 ) and 

||<9 Q HU~(T c5) < c^Wd^v^iT,) + <r H IMlL~ ( r,)); l«l < i- 

If dv = df for some f G C l+1 (T§), then v is also of class C l+1 and satisfies 

\\djd a v\\ L ^ {Tcs) < C l+1 {u{d 3 d a f,5) + S-^WvWl-^)); \a\ = I. 

Proof. We apply the Bochner-Martinelli formula 

g(z)= [ g(()B((,z)- [ dg(() A B((, z), 

JdT s JTs 

valid for g G (^(Tj), where B(£,z) is the Bochner-Martinelli kernel 



B((, z) = c n E(- 1 ) J " 1 || C _^|pn ^[j] A d( 
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which is a closed integrable (n, n — l)-form. Let z G T c $ and let %: R — > [0, 1] be a cut- 
off function with = 1 when |£| < | and = when \t\ > 1. For iy G C n set 

Xj(w) = x( (l-^)g )- ^ follows that the partial derivatives satisfy |<9 a x<s| < C a 5~' a ' for all 
a. Applying the Bochner-Martinelli formula to g(() = xs(( — Z ) V (C) we obtain 



v(z) = - [ d c ( Xs ((-z)v(())AB((,z) 

= -[ dv(0A X s((-z)B((,z)- [ v(()d c xs((-z)AB((,z) 

= h{z)+h{z). (3.5) 

These are convolution operators and we may differentiate on either integrand. This gives 
for \a\ < I : 

O a v(z) = d a h(z) +d a I 2 (z) 

= -[ d a dv(()Axs((-z)B((,z)- f v(()d?(dxs((-z)AB((,z)). 

JT S JTs 

Setting d = c" = \d and using \B((, z)\ < C\( — z\ l ~ 2n we can estimate the integrals 
for I a I < / as follows: 



\d a h(z)\ < C I \d a dv{C)\- |C - z\ x - 2n dV 

J\t-z\<c'S 

<c\\d a dv\\ L ~ {Ts) / |c-*r- 2 w 

J\C-z\<c'S 
rc'S r 2n-l d 

< C\\d a dv\\ L ^r 5) / -^zr- < C8\\d a dv\\ L ^ Tsh 
Jo r 



\d a h{z)\<C [ \v(0\-5- 2n -WdV<C\\v\\ Lac{rs) 5-W. 

Jc"S<\C-z\<c'S 

This proves the first estimate in lemma 3.2. The estimate for \d a l2\ also holds for deriva- 
tives of order \a\ = I + 1. 

We now assume that dv = df for some / G C l+1 (Ts)] then v — f is holomorphic and 
hence v is also C l+1 . We wish to estimate the derivatives of order / + 1 of h(z). For \a\ = I 
we have 

djd a h(z) = -d 3 [ d a dv(C) A xs(( — z)B(C, z). 

JTs 



We now apply (3.5) to /, replacing df by dv(= df) in the first term on the right hand 
side and differentiating under the integral, to get 

dj&*f{z) = -d 3 [ d a dv(C) A X s((- z)B(C, z) 

JTs 

~ I d J d<*f(()Adx8((-z)AB((,z). 

JTs 
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Observe that the first term on the right hand side equals djd a Ii(z) from the previous 
display. For a fixed z G C n we also apply (3.5) to the constant function djd a f(z): 

d 3 d a f(z) = - [ d 3 d a f(z) d X5 (C - z) A B(Q, z). 

Combining the above three formulas we get 

d J d a I 1 (z) = [ {d j d a f(0-d j d a f(z))dxs((-z)AB((,z) 

and hence \d 3 d a h(z)\ < Cu(d 3 d a f, 5). * 

From lemma 3.2 it follows that the estimates (3.1) and (3.2) in theorem 3.1 will be 
proved for (p, l)-forms u if we can find a solution v which satisfies a sup-norm estimate 
I \ v \ \l°°{t cS ) < C5\ \u\ \l°°(t s )- Such a solution is obtained by a linear operator given by an 
integral kernel that we now construct. 

Construction of the kernel for (0, 1) -forms. We shall use the Koppelman's formula which 
we now recall. For v,w eC n let < v, w >= YT l= i VzWi. Let_V C C 2n and O' C O CC C n 
be open subsets such that O has piecewise (^-boundary and fixOc 7. Let P = P((, z) = 
(Pi, . . . , P n )'-V — > C n be a C 1 -map satisfying 

(i) P(C, z) = C — z in a neighborhood of the diagonal of O' x O', and 

(ii) the function $: V — > C, $(C, z) =< P((, z),(- z >, satisfies $(C, z) ^ when zeO' 
and C e 

Any such map P is called a Leray map for the pair Q' C O and $ is the corresponding 
support function. We shall use the notation 

rfC = rfCi A • • • A rfCn, 

a c p[j] = a c Pi a • • • • • • a a c p n , 

d c P[z, j] = d c Pi A • • • • -d^Pj- ■ ■ A d c P n . 

Define the integral kernels 

n 

k(c, z) = Cn $(c, z)- n Y^i-iy-^j d c p[j] a d(, 

3 = 1 

L((, z) = c n $(C, z)~ n 1 )"'/>, a 2 P A d c P[z, j] A dC. 

Note that the kernel K((, z) is locally integrable when z G O'. It is also important to 
observe that, if a(Q, z) is a C 1 function, the kernels generated by P resp. aP are identical 
outside the zero set a = 0. For a suitable choice of the constant c n G R we then have the 
following Koppelman-Leray representation formula for enclosed (0, l)-forms u G Cq i(O): 

= / L((, z) A u(C) + d z [ K((, z) A u(C), z G fi'. (3.6) 
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This follows by applying the Stokes formula to the first integral on the right hand side to 
transfer the integration to an e-sphere around z and using d z K = —d^L; in the limit as 
e^Owe obtain (3.6) by a usual residue calculation. For £ near z, the kernel L coincides 
with the B-M kernel for (0, l)-forms; in fact, for the Leray map -P(C, z) = £ — z, (3.6) is 
the classical Bochner-Martinelli-Koppelman formula. 

We have a lot of freedom in the choice of the map P which determines K and L. If 
we choose it such that P(C, • ) is holomorphic in O' when £ G dfl, then L(£, z) = for such 
£ and z (since each term in L contains a derivative d z Pi), and hence the function 

v(z)= [ tf(C,z)Au(C) (3.7) 

solves the equation dv = u in Vt' . 

We shall construct the integral kernel of our solution operator on T§ by combining the 
Bochner-Martinelli kernel near the diagonal £ = z of the smaller tube 7^ with the Henkin 
kernel when ( is near the boundary of Tg and z G 7^ . This will give a family of linear 
solution operators of the form (3.7) depending on 5 for small 5 > 0. 

Let p be the strongly plurisubharmonic function mentioned in the beginning of this 
section. Since {p < (1 — e)S 2 } C Ts C {p < (1 + e)5 2 } for sufficiently small S > 0, we may 
replace the tube T§ with the sublevel sets {p < 5 2 } which we still denote by Ts. 

The construction of the kernel will proceed through several lemmas. First we recall 
from [HL] the following well known result about the existence of the Henkin support 
function $ and the corresponding Leray map P on a fixed strongly pseudoconvex domain 
which in our case is a tube T$ . 

3.3 Lemma. There exist constants C, R > such that, for do > sufficiently small, there 
are functions $(C, z) and A((, z) in C 1 {Ts x Ts ), with $ holomorphic in z, and there is a 
^-function £?(£, z), defined for Q,z G T$ and |£ — z\ < R, satisfying the following: 

(i) *(C,z) = A(C,z)B(C,z), 

(ii) \B(C, z)\>C and ReA(C, z) > p(() - p{z) + C\{ - z\ 2 when |C - z\ < R, 
(in) |$(C, z)\>C when \( - z\ > f , and 

(iv) with $ as above, there exists a map P = P((, z) = (Pi, • • • , P n ) such that for all j, 
Pj G x T So ), Pj is holomorphic in z, and $(C, z) =< P((, z), ( - z >. 

Proof. This follows from the proof of Theorems 2.4.3 and 2.5.5. in [HL]. A((,z) is an 
approximate Levi polynomial in z G C n of the form 

A(C,z)=2j2^(Q-z J )- J2 MC)(G-*i)(C*-**), 
j=l ^ j,k=l 

where are C 1 functions which approximate the partial derivatives d 2 p/dQd(k suffi- 
ciently well on Ts (Lemma 2.4.2 in [HL]). In fact, when p is of class C 3 or better, we might 
simply take ajk = d 2 p/dQd(k- 
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The only small change from [HL] is that, in our situation, the maps $ and P may be 
defined globally for £ G T$ , and not only for £ near the boundary of 75 , provided that 
5q > is sufficiently small. This follows from the thinness of the tube 7g and can be 
seen as follows. Observe that for ( 6 M the linear terms in A((, ■ ) vanish and we have 
5L4(£, z) < for all points z G M\{C} sufficiently close to £. Hence for 5o > small 
we can choose e > (depending on 5q) such that 5L4(£, z) < whenever z,( e 75 and 
e < \Q — z\ < 2e. The proof of Theorem 2.4.3 in [HL] (which proceeds by cutting of log A 
on B((,2e) fl Tg and solving a <9-equation on Tg ) then gives a globally defined $ (and 
hence P). 4 

Let .P, A and S be as in lemma 3.3, constructed on a fixed tube T$ . P is not quite 
a Leray map since it does not equal ( — z near the diagonal, and we shall now modify it 
suitably on tubes Tg for < 5 < 5o. Let < c < c' < 1. Choose a cut-off function Xg such 
that A<5 = 1 in T c > g and A<5 = near dTg. We may assume that its (real) gradient satisfies 
HVA5II < C5~ x for some C > independent of 5. We will show that for a suitably chosen 
function cf)(£,z) on Tg x Tj, the conditions in Koppelman's formula (3.6) are satisfied for 
the pair of domains O = Tg and O' = 7^ if we define the Leray map P by 

p(C, z) = (i - A,(O)0(C, z)P(C, *) + A a (C)C^, 

with the corresponding support function given by 

£ =< P, C - z >= (1 - A^ + AjIC - ^| 2 . 

We need to find such that z) 7^ when z G 7^5 and £ G T^-fz}. When £ G T C( j, we 
have $(C, z) = \( — z\ 2 , so the condition is satisfied for any choice of 0. Hence it suffices 
to consider the points ( where p(() > p(z). Let ip:H — > [0, 1] be a cut-off function such 
that = 1 for |t| < \R and if>(t) = for \t\ > Set 

0(c, z) = vac - *i)£(c, ^r 1 + (1 - V'dc - *i))*(c^), 

where S is as in lemma 3.3. Then 0$ = ipA+ (1 — t(j)\^\ 2 (since = A), and we have 

the following estimates for the real part z) := Re0$(£, 2) when p(Q > p(z): 

- when |C - z\ < \R, 9 = ReA > C\( - z\ 2 , 

- when \R < \Q-z\ < R, 9 = ipReA + (1 - V) l$| 2 > ^C\( - z\ 2 + (1 - V)C 2 > 0, 

- when \(-z\>R,9= |$| 2 > C 2 . 

This verifies the required properties, and hence (3.6) is valid when K((, z) and L(£, z) are 
the kernels generated by the Leray map P. For ( near dTg we have P = 4>P; since 7^ 
there, the kernel L is identical to the one generated by the holomorphic Leray map P, 
and hence the first term in (3.6) is zero. This gives us the solution formula (3.7) for the 
equation dv = u in T c g. This completes the construction of the kernel for (0, l)-forms. 

Proof of the sup-norm estimates. It suffices to show that the sup-norm estimate holds in 
our situation when n > 3. In case n < 3 we simply identify C n with C n x {0} C C 3 and 
extend / independently of the additional variables; the solution to the extended problem 
will satisfy the estimates, and its restriction to C n will be a solution to the original d- 
problem. 
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3.4 Lemma. The solution v(z) = j Tg K((, z) A u(() defined above satisfies the estimate 
IMIl°°(t c4 ) < C5\\u\\ L ^ {Ts) when n > 3. 

Proof. Let P° = (f)P. P° is independent of 5 and P = (1 - A)P° + A(C - z). This gives 



dPj = d\(Q - Zj - PjO + (1 - \)dP? + \d(j 

:7)M^—— />;')•,/, (3.8) 

The terms in K((, z) are of the form $~ n PjdP\j] A d(. Since d\ A d\ = 0, this is a sum 
of terms of the following two types: 



$- n PjV[j} AdC and $- n P,-(Cfc-Zfc-P fc °)aAA7/[j,A;]AdC. 

Wejshall estimate the integrals of these over T$ when 2; G T c $ . We have already shown that 
Pe$(C, z) > C\C - z\ 2 . For |C - z\ < \R we have 

n 

E - =< ^°(c, *), c - z >= a(c, z) 

= 2 E^(o-^) + ^(ic-^i 2 ). 

This implies P°(C,*) = 2%p + 0(\C - z|) = 0(6 + |C - *|). By choice of A this gives 

(1 - A(C,^))P J (C,^) = 0(|C - z\) and therefore Pj(C,*) = 0(|C - *|). Since |t/j| < C, we 
get 

$-"P J r ? [j]ArfC = 0(K-^ 1 - 2n ), 

5- n P,(0^ - P fc °)^A a 77[j, fe] a rfc = o(|C - ^l 1_2n + ^IC - ^l 2 " 2n ), 

which shows that the kernel K((, z) has a singularity of the same type as the Bochner- 
Martinelli kernel on the diagonal. 

Locally we may straighten M, i.e., for each p e M there is a neighborhood Vp of p 
and a C 1 -diffeomorphism U — > V^>, where t/ is a neighborhood of the origin in R 2n , 
such that \I/ is nearly volume and distance preserving, and ty(U n R m ) = V^, H M, where 
m is the dimension of M. We denote the points in R 2n by (u', u") £ R m x R 2n_m . By 
compactness we may assume that T§ is covered by a finite number (independent of 5) of 
sets 

K] = ^j({{u',u"); \u'\ < a, \u"\ < 5}) 

for some constant a. We keep the notation ( and z for the points in the new coordinates 
also. We then have the estimate (£ = (u\u")): 

I / /ir(c,z)A«(c)|<c|H| L co (T4) / (ic-^r-^ + ^IC-^l 2 - 2 ")^) 

JKj ./|u'|<a,|u"|<<5 

<ciHu- ( r 4 ) / (icr-^+a-'icr-^wo- 

•/|u'|<a,|u"|<(5 
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For m < t < 2n we estimate these integrals as follows: 

^V2S „2n— 1 J„ r a X2n—m rr ,m—l, 



±<C( r -^+ * ^ <C^. (3.9) 

,u'|<a,|u»|<* Kl* W° r J 6 r J 



Hence 

| / K(C,z) Au(C)\ <C|| W || L oo (T(S) (5 + 5- 1 5 2 ) =2C7|H| L oo (Ta) 

when 2n — 2 > m. Since m < n, this holds for n > 2. 4 

Construction of the kernel for forms of higher degree. We consider the form 

n 

K(C, z) = c n $(C, z)~ n J2(-^) J ~ 1 PjdP[j] A d(C - z) 

i=i 

onTj x 7^/5, where 9 is now taken with respect to both £ and 2. We decompose 

tf(c,*) = £ E k pM,z), 

p<n q<n—l 

where K p q has bidegree (p, with respect to z and (n—p, n—q—1) with respect to £. When 
(/ > 0, ir P) g(C, z) = when z G %>$ and £ is near <97j. (Recall that z) = -^(C- 2 ) 
depends on 5 via the cutoff function Xg.) It follows that the (p, (/ — l)-form 

«(z)=/ K M _ 1 (C, 2 )A«(C) = (-1)^/ ^A^-^Cz) 
•/r a ./t 4 

solves = w in 7^ ,5 for each enclosed (p, g)-form u in Tg, q > 0. The precise meaning of 
the integral is as follows. Write 

K p , q - 1 (C,z)= E k I ^j{C n z)dz I Adz J , 

|/|= P |J|=flf-i 

where fc/,j(C) z) is an (n — p, n — (/)-form in £ G 7^ depending smoothly on 2 G 7^,/ 5. Then 

"(*)=E E (-!) P+9 (/ «(C)A^(^))^A^. 
|/|=p|J|=g-l VT * 7 

This completes the construction of the kernel. The reader may find some additional refer- 
ences and historical remarks about the solution formula at the end of this section. 

Before proceeding we make the following elementary 

Geometric observations. Let M be a compact m-dimensional C 1 -submanifold of H N . 
There exists a constant B > such that, if zo,z\ G 7s (M) for sufficiently small 5 : then zq 
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and z\ may be joined by a path in Tg(M) of length no more than B\z\ — zq\. This is due 
to the fact that the tubes may be locally straightened, in a uniform way, to tubes around 
R m x {0} in K N . 

From this we get the following: If u G ^(TgM), ||w||l^(t 5 ) < A, II 

Hle 1 ^) < At 1 for 

t < 1 and < s < 1, then \u\ 8j s < max(2, B)At~ s . We see this as follows: If \h\ < t, we 
can integrate Du from z to z + h to get + /i) — -u(z) | |/i|~ s < SAt _1 |/i| 1_s < BAt~ s . 
If |/i| > £, the triangle inequality gives \u(z + h) — u(z)\\h\~ s < 2At~ s . 

We also have a corresponding result for compact manifolds M: if ||w||c(M) < A 
and IMIc+^M) < At -1 for t > 0, then ||m||ch-s(m) < CAt _s , where C is a constant 
independent of w. 

Proof of the estimates for forms of higher degree. The proof of the sup-norm estimate, 
which we gave for (0, l)-forms, carries over almost verbatim to the general case. However, 
lemma 3.2 fails and we must proceed differently to estimate the derivatives. 

With Co = d — c we introduce smooth cut-off functions xs £ Cq°(B(0, co<5)) with 
X<s(w) = 1 when \w\ < cqS/2 and |<9 a x<5| < C a 5~' Q '. Then we decompose v as v' + v", with 

v'{z)= I w(C-^ M -i(C^)A«(C), 

«"(*) = / (i-x«(C-*))tf M -i(C,*)A«(C), 

and estimate each summand separately. 

Recall that when z e 7^ and |£ — z| < co<5, z) equals the Bochner-Martinelli 
kernel. Thus v'(z) is obtained for z e 7^5 by applying a convolution operator to it; hence 

d a v'{z) = [ X s(C- *)^-i(C, z) A d a u{Q. 

Thus the components of d a v'(z) are linear combinations of terms h(z) = (k *g)(z), where 
k(w) = xs{ w )w j\ w \~ 2n an d 9 is a component of d a u. Since |fc(u;)| < |iy| 1_2n and k is 
supported by 5(0, co5), an obvious estimate gives < C5||y||oo) so 

liaviUoo^) < c^i^iUoc^). 

To estimate the finer norms of h we introduce the auxiliary kernels 

k t (w) =xs(w)w J (t 2 + \w\ 2 )- n ; t>0. 

This is a smooth function of (t, z) satisfying |fct(z)| < \k(z)\ and lim^o h(z) = k{z). 
Since each k t has compact support, it follows that J djD l3 k t (w)dV(w) = for every (t, z)- 
derivative D@ . Thus, setting h t (z) = (k t *g)(z), we see that 

D^djh t ( z )= S d J D^k t (w){g(z-w)-g(z))dV(w). 
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Observing that \d 7 xs(w)\ < C 1 \w\ ' 7 ' on suppx^, a simple calculation gives 

\D%kt(w)\ < C p \w\-W(t + \w\)~ 2n . 

Assume that d a u G A s (7^) for some s G (0, 1). We have g G A S (T$) : and for t > we can 
estimate in polar coordinates: 



\dMz)\ < C\9\s,s [ (t+\w\) s - 2n dV(w) 

J \w\<c S 
/•c S 

<C\g\ s , s / r s - 1 dr = C s 5 s \g\ s , s . 
Jo 

For the first order derivatives with respect to (t, z) we get in the same way: 

\DdMz)\<c\g\ a ,6 [ iwr^t+iwir^dviw) 

J \w\<c S 
l>c S 

<C\g\ s ,s / (t + ry-tdrKCj-^glsj. (3.10) 
Jo 

By the dominated convergence theorem we have h t (z) — > h(z) and 

djht(z) -> h {j) (z) = / djk(w)(g(z-w) -g{z))dV{w) 



as t — > 0. We also have 



\djht(z) - h (j) (z) | < y 



(z)|dT<C|<7| ai(5 t a ; 



hence the convergence of the derivatives is uniform and therefore h^(z) = djh(z). Thus 
\djh t (z)\ < C s 5 s \g\ Sj s, and we conclude that 

l|0j0V|| L oo (Tc4) < C s 8 s \d a u\ s , s . 

We have also shown that 

d j d a v'{z) = [ d j ( X5 {C-z)K p ^_ 1 {C,z))A{d a u{0-{d a u) z ). 

JT S 

In order to estimate the A s -norm of djd a v' we need the following standard 

Lemma. Let <p G C(Tg) have an extension <p G C 1 (R + x T$) satisfying \D<p(t, z)\ < At s ~ l 
for some < s < 1. Then G A S (T 5 ) and |0| Sj5 < (B + 2/s)A 

This is just a slight modification of Proposition 2 in the Appendix 1 of [HL]. Applying 
this to (p = <9j7i and <fi{t, z) = djh t (z), (3.10) gives \djh\ SlC s < C' S (B + 2/s)\g\ Sj s- Thus 

\d j d a v'\ a , cS <C a \d a u\ a , s . 
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In order to study v" we set K'^ ^(C,, z ) = (1 ~~ Xs(( — z))Kp,q-i((, z ) onT^xT c j. This 
kernel has continuous ^-derivatives of all orders, and it equals zero when \Q — z\ < cq5/2. 
It follows that v" is a smooth form with 



d a v"(z)= [ d?K'; !q _ 1 (C,z)Au((). 



We recall the formula (3.8) and point out that \d\$\ = 0(5 1 ), z)\ > C\( — z\ 2 on 
Ts x T c s, and the quantities \D z (f)((, z)\, \rjj\ and \Pj \ are all bounded by C\( — z\, while 
their derivatives with respect to z are bounded independently of 5 (since Xs is independent 
ofz). 

An induction on \a\ shows that the components of d^Kp ^^, z) are linear combina- 
tions of terms of the type 

4>- n - k d% (1 - X d(C - z))ao((, z) ■ ■ ■ a t (C, z) 
with P < a, k < \a — f3\ and t > 2k + 1 — \a — and of terms of the type 

r n - k ^P-a (C,z)--.a t (C,z) 

with k < \a\ and t > 2k + 2 — \a\, where the Oj(C, z) have continuous ^-derivatives of all 
orders that have upper bounds independent of 5, and \aj((, z)\ < C\Q — z\ when t > and 
1 < j < t. Since |C — z\ > c S/2 when K'^ x ^ 0, it follows easily that 

Thus 

\d a v"{z)\ ^Ca^lMUco^) / |C-^| 2 - 2n - H ^(C) 

JT 6 \B(z,c S/2) 



for 2 G T c j, a G Z" . The last estimate follows for \a\ > 2, |ct| = 2 and |ct| = 1, respectively, 
from the following three integral estimates: 

/ \(-z\- 2n - t dV(() = C t 5-\ t>0, (3.11) 

J\(-z\>6 

[ \(-z\- 2n dV(()<C( Cl ), zeT Sl (3.12) 

Jr 5 \B(z, Cl 6) 



[ \(- z\ s - 2n dV(() < CJ S ; 0<s<2n-m. 



(3.13) 



(3.11) follows immediately by a change of variable. (3.12) is proved exactly like (3.9); in 
the sum in the middle of (3.9) the first integral has lower limit ci<5 instead of 0. Finally 
(3.13) follows by setting t = 2n - s in (3.9). 
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Using the geometric observation following the construction of the kernel we have 

This completes the proof of the Holder estimates in theorem 3.1 for the case < s < 1. 
The proof for s = 1 goes along the same lines, with certain small modifications; since that 
case will not be used in the paper, we omit the details. A 

Remarks on constructions of kernels. The first integral kernel operators with holomor- 
phic kernels, solving the <9-equation on strongly pseudoconvex domains in C n , have been 
constructed by Henkin and, independently, R. de Arellano (see the references in [HL]). 
Henkin's approach is to patch the Bochner-Martinelli and Leray kernels on the boundary 
dfl. Our patching of the two kernels (by first multiplying by <p) is the same as in 0vrelid 
[01, 02]. The whole construction is similar to the one by Harvey and Wells [HaW]. 

It seems that the first really precise L°° and C fc -estimates for the <9-equation in thin 
tubes around a totally real sub manifold M C C n , proved by means of integral solution 
operators, are due to Harvey and Wells [HaW] in 1972. A little later Range and Siu 
[RS] (1974) used a more refined kernel construction to prove estimates for the highest 
order derivatives of their solution on M and deduced (^-approximation of C fe -functions 
on a C fc -submanifold M C C n by holomorphic functions, a case left open in [HaW]. In 
fact this approximation problem has been one of the original motivations in proving such 
estimates. Later on this approximation has been accomplished more efficiently, and in 
greater generality, by Baouendi and Treves [BT1, BT2] by using the convolution with the 
complex Gaussian kernel. This latter method does not seem to give the approximation of 
diffeomorphisms obtained in this paper because we must work in tubular neighborhoods 
and not solely on the submanifold. 

As said earlier our construction of the kernel in this paper is close to [HaW] , and our 
main contribution is the way we estimate the solutions. We find it quite striking that 
this simple and seemingly crude construction of the kernel gives rise to results that are 
essentially optimal for the applications to mappings presented in this paper. For the benefit 
of the reader we have given a fairly self contained presentation based on the text [HL]. 
Another closely related paper is [BB] where Bruna and Burgues approximate enclosed jets 
on a totally real set X in Holder norms by functions holomorphic in a neighborhood of X. 
It seems likely that their method, making use of weighted integral kernels of Anderson and 
Berndtsson type [AB], may also be used to prove our results. However, we believe that our 
approach is simpler and more elementary. Our results, suitably reformulated, may also be 
proved for neighborhoods of totally real sets. 

&4. Proof of theorems 1.2 and 1.3. 

Proof of theorem 1.2. We consider first the case dimM = dim Mi = n. Let d(z) denote 
the Euclidean distance of z to Mq, and let T$ (resp. T$) denote the open tube of radius S 
around Mq (resp. around Mi). The C fc -diffeomorphism /: Mq — > Mi can be extended to a 
C fc -map on C n , still denoted /, which is <9-flat to order k at M : 

\d a (df){z)\ = o(d(z) k - 1 -^); < \a\ < k - 1. 
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In particular, the derivative Df(z) is a non-degenerate C-linear map at each point z G M 
(the complexification of df z :T z Mo — > Tf^Mi), and hence / is a C k diffeomorphism in 
some neighborhood of M in C n . The (0, l)-form u = df of class C fc_1 satisfies dit = 
and 

||5 a «IU-(r 5 ) = o^- 1 " 1 " 1 ); < \a\ < k - 1 

as S — > 0. Applying theorem 3.1 (specifically the estimates (3.1), with / = — 1 > and a 
fixed constant < c < 1), we get for each sufficiently small S > a solution to di^ = it 
in % satisfying the following estimates: 

\\d a vs\\ L ^ iTcS ) < C (s\\d a u\\ L ^ {Ts) +d 1 -^\\u\\ La o iTs) ^ 
< C (So(S k - 1 -^) + 5 1 -^o(5 k - 1 )^ 
= o(5 k -W); \a\<k-l. 

Moreover, since dv = u has a solution of class C l+1 = C fc , namely /, we can choose v$ 
which in addition satisfies the estimates (3.2) for the derivatives of top order k: 

||^|| L oc (Tc5) < C {oj k (f;5) + 5- k+1 \\df\\L-(T cs) ) = o(l); \a\ = k. 

Here u!f-(f;5) denotes the modulus of continuity of the k-th order derivatives of /. Set 
Fg = f — vs in T$. Then dF$ = and the estimates on vs imply 

11^ - f\\cr { r cs) = \\v S \\cr { r cS ) = o(S k - r ); 0<r<k 

which gives the first estimate in (1.2). It remains to prove that F$ is biholomorphic and 
satisfies the inverse estimates in (1.2) for all sufficiently small 5 > 0. To simplify the 
notation we replace 5 by cS/2, so that F$ is holomorphic in the tube T 2 s and it satisfies 

\\F S - f\\ Cr(T2s) = o(6 k - r ); 0<r<k (4.1) 

as 5 — > 0. Since / is a diffeomorphism near Mq, so is any sufficiently close C 1 approximation 
of /; hence (4.1) with r = 1 implies that for 5 > sufficiently small, say < S < So < 1, 
the map F$ is diffeomorphic (and hence biholomorphic) in T 2 s- Decreasing So if necessary, 
there is a number a > such that 

\f(z)-f(z')\>2a\z-z'\; z,z'eT So . 

Since f(M ) = Mi, the above implies that f{%) contains the tube T{ a& . 

Fix an e > 0. By (4.1), applied with r = 0, we get a constant S\ = $i(e), with 
< Si < So, such that \\F$ — fWh^^s) < ae $ k for < 5 < Si. Fix a point z G T$ and let 
w = f(z). For each z' with \z' — z\ = eS k we have 

\F 6 (z')-w\ = \(Fs(z')-f(z')) + (f(z')-f(z))\ 
>\f(z')-f(z)\-\Fs(z')-f(z')\ 
> 2aeS k - aeS k = aeS k . 
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This means that the image by Fg of the sphere S = \z'\ \z' — z\ = eS k } is a hypersurface 
containing the ball B(w; aeS k ) = {«/: \w' — w\ < aeS k } in the bounded component of 
its complement. By degree theory the -FVimage of the ball B(z;eS k ) contains the ball 
B(w; ae5 k ). Hence there is a point £ G B(z; ed k ) such that Fg(Q = w = f(z), and we have 
\F s ~ 1 (w) — f~ 1 (w)\ = |C — z\ < e5 k . Since this applies to any point w G T^g, we conclude 
that F S (T 25 ) D T 2 ' a5 and 

WFf 1 - f~^\ (T^ aS ) < e5 k ; 0<5< 8 1 (e). (4.2) 

Since e > was arbitrary, this gives the inverse estimate in (1.2) for r = 0. 

We proceed to estimate the derivatives of the inverse maps. Denote by ||A|| the 
spectral norm of a linear map A G GL(R,,2n). Note that Df~ 1 (w) = Df{z)~ 1 where 
w = f(z). Fix a point w G 7^ a(5 and let z = f~ 1 (w), zs = F^~ 1 (w) (these are points in 
T 2S ). By (4.2) we have \z - z s \ < e5 k . Writing A = Df(z), B = DF s (z s ), we get 

\\DFf 1 (w)-Df- 1 (w)\\ = \\A- 1 -B- 1 \\ 

= \\A-\B -A)B~ 1 \\ 

< \\A- 1 \\-\\A-B\\-\\B- 1 \\. 

Since / is a diffeomorphism and F$ is C 1 -close to /, the eigenvalues of A and B are 
uniformly bounded away from zero, and this gives a uniform estimate on and 
(independent of 5). The middle term is 

\\A - B\\ = \\Df(z) - DF s (z 5 )\\ < \\Df(z) - Df(z s )\\ + \\Df(z 5 ) - DF 5 (z s )\\. 

The second term on the right hand side is of size o(S k ~ 1 ) according to (4.1). As 6 — > 0, we 
have zg — > z, and hence the first term on the right hand side goes to zero (by continuity of 
Df). Hence sup{| \DF^~ 1 (w) — Df~ 1 (w)\\: w G T^g] goes to zero as 5 — > 0. This completes 
the proof when k = 1. If k > 1, we can further estimate \ \Df(z) — Df(zg)\ \ < C\z — zg\ < 
Ce8 k , where C is an upper bound for the second derivatives of /. This gives 

sMWDF^iw) - Df~ 1 (w)\\:w G T 2 ' a5 } = o^" 1 ) 

as required by (1.2) for derivatives or order r = 1. To get the estimates (1.2) for the 
higher derivatives of F^ 1 — / _1 we may apply the same method to the tangent map, i.e., 
the induced map on tangent bundles over the tubes which equals the derivative of the 
given map on each tangent space. We leave out the details. This proves theorem 1.2 when 
dim Mo = n. 

Suppose now that m = dimM < n. We are assuming that there is an isomorphism 
<fi: i/q — > v\ of the complex normal bundles vq — > Mq resp. v\ — > M\ over /; by approxima- 
tion we may assume that is of class C k ~ 1 . For each z G Mq we have T z C n = T z c Mo©^o,z- 
Let l z be the C-linear map on C n which is uniquely defined by taking l z = df z on T^M 
and l z = 4> z on u 0;Z . Clearly l z G GL(n, C) for each z G M. Applying lemma 2.6 we obtain 
a C fc -extension / of / which is <9-flat on Mo. Now the proof may proceed exactly as before. 
This proves theorem 1.2. 4 
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Remarks. 1. If /o : M — > Mi is a real-analytic diffeomorphism and if the complex normal 
bundles to Mq resp. Mi are isomorphic over / then / extends to a biholomorphic map 
F from neighborhood of Mq onto a neighborhood of M\. We see this as follows. Let 
(p: 1/q — > z/i be the continuous isomorphism (over /) of the complex normal bundles to 
M resp. Mi. There exist complexifications Mi C C n of Mi (i = 0,1) such that / 
extends to a biholomorphic map /: Mq — > Mi and such J4iat the complex normal bundles 
z/i — > Mj extend to holomorphic vector bundles T>i — > M^.^We define a continuous map 
ip:Mo — > GL(n,C) by ^(z) = <i/ z © Z . Since M C M is totally real, V ma Y be 
approximated by a holomorphic map ift: Mq — > GL(n, C). We now define z/o ~~ *• -^1 x C n 
by (j) z (v) = (f(z),ip z (v)). Clearly (p is a holomorphic vector bundle isomorphism between 
z?o and a holomorphic sub-bundle z/2 C Mi x C n which is an approximation of v\. In 
particular, 4> is a biholomorphic map between neighborhoods of the zero sections of v^. 
These neighborhoods map biholomorphically onto neighborhoods of M resp. Mi under the 
projection maps (the Docquier-Grauert theorem). This gives the desired biholomorphic 
extension of /. 

2. If instead of theorem 3.1 we use Hormander's L 2 -estimates when solving dvs = u(= df) 
in 7#, the resulting holomorphic maps F$ = f — v§ can be shown to satisfy the weaker 
estimate H-F^Mo — f\\c r (M ) = o(S h ~ r ~ l ) for < r < /, where / is the smallest integer 
larger than | dim Mo. This approach had been used in [FL]. 

Proof of theorem 1.3. The proof can be obtained by repeating the proof of theorem 1.1 in 
[FL] (or its more technical version, theorem 2.1 in [FL]), except that one applies theorem 
3.1 above whenever solving a 9-equation. This gives the improved estimates in (1.3) with 
no loss of derivatives. We leave out the details. 4t 

A correction to [FL] . We take this opportunity to correct an error in the proof of Lemma 
4.1 in [FL]. The equation numbers below refer to that paper. The lemma is correct as 
stated, but the proof of the estimate (4.5) is not correct. Using the notation of that proof, 
we have the higher variational equations 

§- t D P M%) = DX t {(j> t {x)) o DPcf> t (x) + H p x (t, x) 

for p < k, where D p f denotes the p-th order derivative of a map /:Oc R n — > R n , so 
D p f E L p (R n , R n ). Hx(t, x) is a sum of terms involving derivatives of the vector field X t 
and derivatives of order less than p of the flow <p t , and = 0. We use the same notation 
for Y t e and its flow 

Choose unit vectors vi, • • • , v p G R n and set y(t) = [D p (/) t (x) — D Pr tpl(x)]{y i, • • • , v p ). 
It will be sufficient to show that ||y(t)|| = o(e fc_p ), uniformly for < t < t , x G K(e) and 
unit vectors v±, • • • , v p . y(t) satisfies the differential equation 

y'(t) = DY*(r t (x)y y(t) + (DX t (cf> t (x)) - DY t *M(x)) o D p <j> t {x){v u ■■■,v p ) 
+ (H p x (t,x) - H p e (t,x))(v u - ■ ■ ,v p ). 
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This is a linear system y' = A(t) o y + b(t), y G R n . Suppose the matrix norms satisfy 
\\A(t)\\ < A and < b for t G [0,t ]. The function u{t) = \\y(t)\\ is differentiable 

outside the zeroes of u, with u'(t) = y'(t)-y(t)/\\y(t)\\ < \\y'(t)\\, so u'{t) < Au(t) +b 
outside the zeroes of u. Since 0o = V'o = ^> we have y(0) = 0. We shall first show that 
u(t) < \{e At — 1) for t G [0, to]. If u(t) = 0, there is nothing to prove. If not, let t\ be the 
largest zero of u on [0, t]. Thus u'(s) < Au(s) + b for s G (ti, t] . Setting v(s) = u(s)e~ As 
we get i>'(s) < be~ As for s G Integration from t\ to t gives v{s) < -j(e~ Atl — e~ At ). 

Thus u(t) < \{e A ^-^ - 1) < ^(e A * - 1). 

In our situation, the matrix norm of A(t) = DY t £ (tfjf (x)) is bounded independently 
of e > 0, x G if(e) and t, by (4.4). It is therefore sufficient to prove that b = o(e k ~ p ), 
uniformly in x, t and unit vectors v±,- • • ,v n . It is shown in [FL] that the matrix norm 
\\DX t (<j>t(x)) - DY^{tpl (x)\\ L °°(K(e)) = o(e k ~ 1 ). Since the flow <j>t(x) is of class C fc , it 
follows that the matrix norm ||L> p (/)t(a;)|| is uniformly bounded for x G K(e) and t G [0,to]- 
Applying (4.4) and (4.5) inductively as in [FL] we obtain \\H P X — H^ e \\L°°(K(e)) = o(e k ~ p ), 
uniformly in t, which proves the claim. A 

Sz5. Solving the equation dv = u for holomorphic forms in tubes. 

Let d denote the exterior derivative. In this section we solve the equation dv = u 
with sup-norm estimates for holomorphic forms in tubes T$ = T§M around totally real 
submanifolds M C C n . We denote by A s the Holder spaces as in sect. 3 above. We first 
state our main result for closed submanifolds; for an extension to compact submanifolds 
with boundary see remark 3 following theorem 5.1. 

5.1 Theorem. Let i: M C n denote the inclusion of a closed, m-dimensional, totally- 
real submanifold of class C 2 in C n . Let a positive constant c < 1 be given. Then there exist 
positive constants C, do and C s for all s G (0, 1) such that, if u is a d-closed holomorphic 
p-form in the tube T$ = T§M for some < 5 < 5o and 1 < p < n, then: 

(a) If p > m, the equation dv = u has a holomorphic solution v in T§ satisfying 

IMU°°(T c4 ) < C5\\u\\ l °° { t s ). (5.1) 

(b) If p < m and the form i*u is exact on M , then for any solution of dvo = i*u of class 
A s (M) CO < s < 1) there is a holomorphic solution v of dv = u in Ts satisfying 

IMU°°(r ca ) < c s {S\\u\\ L oo(r s ) + \\vo\\ l °°(m) + <5 s |KIIas(m)) • (5.2) 

(c) If p <m and i*u is exact on M, there is a holomorphic solution of dv = u with 

\\ v \\l°°(t cS ) < C\\u\\l°°(t s )- ( 5 - 3 ) 

Remarks. 1. If O is a Stein manifold, the Rham cohomology groups H P (Q; C) can be 
calculated by holomorphic forms in the following sense: Each closed form is cohomologous 
to a closed holomorphic p-form, and if a holomorphic form u is exact (i.e., u = dvo for 
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some, not necessarily holomorphic, (p — l)-form vo), then also u = dv for a holomorphic 
(p — l)-form v on O. (See [Ho], Theorem 2.7.10.) 

2. On a C 2 -manifold M, C 1 -forms and the <i-operator d: C p ~_ 1 (M) — > Cp(M) are intrinsically 
defined. By duality, the notion dv = u (weakly) is well defined on M. The condition in 
theorem 5.1 that i*u be exact on M need only hold in the weak sense. 

3. Theorem 5.1 has an extension to non-closed totally real C 1 -submanifolds M' in C n . Let 
K be a compact subset of M' and let K' C M' be a compact neighborhood of K in M' . 
(For instance, K = M may be a compact totally real submanifold with boundary in C n .) 
For 5 > we set 

% = {z£ C n :d K (^) < 5}, C/£ = {z e C n :d K ,{z) < 5}. 

Choose c G (0, 1). Assume that u is a (i-closed holomorphic p-form in U' s , with z*-u exact on 
U' s DM' (where z: M' c — > C n is the inclusion map). Then there is a holomorphic solution of 
cfo = u in t/ c< 5 such that the estimates (5.1), (5.2) and (5.3) are valid when T c $ is replaced 
by U c s and % is replaced by U' s . 4 

Proof of theorem 5.1. We give the details in the case when M is closed (compact and 
without boundary); for the non-closed case see remark 4 following the proof. 

Since M is a strong deformation retraction of the tube T$, the equation dv = u has a 
differentiable solution on T$ under the assumptions above. The strategy is to first find a 
good differentiable solution v\ and then successively get rid of its (p — q — 1, q) -components 
for q > 0. The second part, lemma 5.2 below, follows the proof of Serre's theorem (Theorem 
2.7.10 in [Ho]) which amounts to solving a 9-equation at each step. We use the solution 
provided by theorem 3.1; it is here that we need the sharp estimates (3.3) and (3.4) for 
the Holder norms. 

5.2 Lemma. Let < c < c\ < 1. Let u be a closed holomorphic p-form on T$ for 
< 5 < Sq as in theorem 5.1. Suppose that there exists a differentiable (p — l)-form v\ on 
T Cl s satisfying dv\ = u and 

INU°°(T cia ) < |H| A *(T cl5 ) < As5~ s , (5.4) 

where A§ depends on 6 and u. Then there exists a holomorphic (p — l)-form v in T c $ 
satisfying dv = u and \\v\\l°°(t cS ) < CqA§ for < 5 < do, where Co is an absolute 
constant. 

Proof of lemma 5.2. Let v± = J2 q < qo v (q) where v^ is of bidegree (p — 1 — q,q). By 
comparing the terms of bidegree (p — 1 — qo, qo + 1) in the equation dv\ = dv\ + dv\ = u 
and taking into account that u is holomorphic, we see that dv( qo ) = 0. If qo > 0, we get 
by theorem 3.1 a form w on T$ solving dw = V( qo } and satisfying the following estimates 
for some fixed c < c 2 < 1 and for all 1 < j < In: 

II^IU~(r C24 ) < Ci (||v( go )IU«>(r cl4 ) +5 s |k(go)IU s (r cl5 )) < 2dA s , 
\\djw\\ A s (Tc2s) < Ci (||u( go )||A-(r cl4 ) +S~ s \\v {qo )\\L~(T clS )) < 2CiA s 5- s . 
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Thus the form = v\ — w solves dv<i = dv\ = u, it only has components of bidegree 
(p — q — 1, q) for q < q , and it satisfies 

IMU°°(t C25 ) < C'A S , I|u2||a»(t C24 ) < C'A S S~ S . 

Repeated use of this argument gives a holomorphic solution of the equation dv = u satis- 
fying IMU<»(t c4 ) < c a s . 6 

To prove theorem 5.1 it thus suffices to construct a good differentiable solution satis- 
fying lemma 5.2, with A$ as small as possible. Let F = {F t }: [0, 1] x T$ — > T§ be a C 2 de- 
formation retraction of a tube T$ onto M, with F\ the identity map and 7r = Fq: Tg — > M 
a retraction onto M. Let i t : M — > [0, 1] x M be the map x — > (£, x). By lemma 2.1 the form 
v = J Q it(-§j:\F*u)dt solves dv = u — 7r*-u in T$ . In the special local coordinates provided 
by lemma 2.4, if u = Y1\i\+\j\= p u i,jdx T Ady J , the components of v are linear combinations 

of terms yj t^ J ^~ 1 ui j j(x,ty)dt for j G J. Since the variables yj are transverse to M, we 
have |yj| = 0(6) on 7^ and hence | \v\ |l°°(t 5 ) < C^IM|l°°(t 4 )) with C independent of 5. 
Replacing 6 by ci<5 and changing C in each step below if necessary (but keeping it inde- 
pendent of 6), it follows from Cauchy's inequalities that | |£Ht| \l°°(t ciS ) < C6~ x \ \u\ \l°°(t s ) 
and thus 

\\Dv\\ L c* {Tcis) < C\\u\\ L oo {Ts) , ||u||a»(t ci4 ) < C6 1 ~ s \\u\\ L ^ (Ts )- 

In part (a) of theorem 5.1 we have p > m, and hence tt*u = ir*(i*u) = by degree rea- 
sons; so the form v\ = v satisfies dv\ = u and the estimate (5.4) with As = C6\\u\\ l < X (t s )- 
Lemma 5.2 now completes the proof in this case. 

To prove case (b) we set vi = v + n*v G , where v G A S (M) solves dv = i*u. We get 

lki||L°°(r Cl<5 ) < C (6\\u\\ L °c( Tg ) + I \vo\ ]z,°°(m)) , 
||fi||A s (r cl5 ) < C (S ~ 8 \\u\\l'=o(t s ) + |K||a s (M)) • 

Lemma 5.2 then provides a holomorphic solution of dv = u satisfying the estimates (5.2). 

Finally, to prove part (c) in theorem 5.1, we shall construct a good solution of dvQ = i*u 
on M belonging to A S (M) and apply (b). In order to circumvent problems caused by low 
differentiability of M we use the following result of Whitney [Wh2]: If M is a compact 
C k manifold, k > 1, possibly with boundary, the underlying topological manifold may be 
given a structure of a C°° manifold, denoted M , such that the set-theoretical identity map 
iq: Mo — > M is a C k -diffeomorphism. 

Let iq: Mq — > M be as above. We choose a smooth Riemann metric on M . We refer 
to Wells [We] for what follows. Let d* denote the Hilbert space adjoint of the exterior 
derivative d with respect to the corresponding inner product on forms. The Laplace oper- 
ator A = d*d + dd* has a corresponding Green's operator G: L^(Mo) — > H^(Mq)) with 
the property that (3 = d*G(a) is the solution of d(3 = a with minimal L 2 -norm (orthogo- 
nal to the null-space of A), provided that the equation d(3 = a is (weakly) solvable. For 
further details see section 4.5 in [We]. 
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The Green operator is a classical pseudodifferential operator of order —2, so it induces 
bounded operators L°° — > A 2 and A s — > A s+2 for s > 0. (See [S], section VI, 5.3.) Now i^u 
is a C 1 -form on M , and v$ = (i^ 1 )* (d* Gi^n) is a C 1 -form on M with cfco = i>* u , satisfying 

II^oHa^M) < CsIN* w IIl°°(M) < Cs|M|l°°(T 5 )- 

Substituting this into (5.2) gives (5.3). 4ft 

Remarks. 1. In general the constant C = C$ in the estimate (5.3) cannot be chosen so 
that lim^o C$ = 0. To see this, let i*u ^ and choose a form 4> e C^ m _ p ^(M) with 
f M u A 4> 7^ 0. If f 5 solves (if ,5 = w in 7^5 and satisfies lim^o H^Hl 00 ^) = 0, we get 



/ u A (ft = dvs A 4> = ± vs Ad(p 
Jm Jm Jm 



as 5 — > 0, a contradiction. 

2. If M is only of class C 1 , the operator <i is not well defined on M. Instead, we call a 
p-form a on M exact if there exists an integrable (p — l)-form (3 on M such that for each 
smooth (m — p)-form <f> on a neighborhood of M we have J M f3 Ai*(d<p) = (— l) p J M aAi*(p. 
Then it is not hard to verify that d{iQj3) = i^a (weakly) on Mo, and also d(iT*(3) = iv*a on 
Tg . Using this, the proof carries over with only minor changes to the case when M is of 
class C 1+e for some e > 0, when dvo = i*u is interpreted as above. 

3. If M is of class C 2+e for some e > 0, a more refined argument gives a holomorphic solution 
of dv = u that also satisfies | \v\ |c!(T c5 ) ^ Cl°g(l/^)||' u llL oo (r 5 ) whenever i*u is exact. This 
reflects the fact that one expects to 'gain almost a derivative' in the interior estimates 
for the (i-equation. We cannot establish such estimates with a constant independent of 
5. In fact, when M = {z G C n : \zj\ = 1, 1 < j < n}, this would lead to the estimate 
||/^||c 1 (M) ^ const | \a\ \ l°°(m) f° r a solution of dj3 = a, a contradiction. 

4. Small changes are needed to prove theorem 5.1 when M = K is a compact subset of 
a larger totally real C 2 -submanifold M' C C n (see remark 3 following the statement of 
theorem 5.1). We follow the same proof as above, using the appropriate version of <9-results 
given by remark 3 following theorem 3.1. During the proof we shrink K' D K and 6 > 
several times. In the proof of (5.2), we observe that the L 2 -minimal solution of dvQ = i*u in 
U' s nM' also satisfies d*vo = when p > 1, and we may apply the interior elliptic estimates 
to obtain Holder estimates for vq in a neighborhood of K. There are also arguments to 
get the necessary control of ||wo||l 2 7 for instance the Hodge decomposition in a manifold 
with boundary. 

&6. Proof of theorem 1.5. 

In this section we prove theorem 1.5. We shall adapt a method of J. Moser [M] to the 
holomorphic setting. 

Let u be either the holomorphic volume form dz\ A • • • A dz n or the holomorphic 
symplectic form Y!j=\ dz 2 j-i A dz 2j , n = 2n' . Write M = M and let f:M = M ->M 1 
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be a C fc -diffeomorphism as in theorem 1.5 (k > 2), satisfying the condition (1.6) for some 
C fc_1 -map L: M — > GL(n, C). Let i: M C n denote the inclusion. We assume in the 
proofs that M is compact and without boundary. As usual we denote by T$ = T$M the 
tube of radius 5 around M. 

By lemma 2.6 there is a neighborhood U C C n of M and a C fc <liffeomorphism /: {7 — > 
f(U) C C n extending / such that / is 9-flat on M and satisfies (f*uj) z = uj z at all points 
z E M. The proof of theorem 1.2 then gives for each small 5 > a holomorphic map 
F' 5 :T S -> C n of the form 

F^ = f + R s , ||ik||ci(T 4 M)=°(<S fc - J '); 0<j<fc. (6.1) 

To prove theorem 1.5 we must construct biholomorphic maps F§ as above which in addition 
satisfy F^uj = uj. We need the following two lemmas. 

6.1 Lemma. (Existence of a good <9-flat extension.) If f is any d-Bat C k -extension of 
f satisfying (f*u) z = u z for all z E M, there exists another d-Bat C k -extension f of f 
satisfying \ f*ui — u\ = o(d k J 1 ) near M and df z = df z for all z E M . 

6.2 Lemma. (Approximation of a good <9-flat extension.) Assume that f is any d-Bat 
C h -extension of f satisfying \ f*u — u\ = o(d k ^ 1 ). Then for all sufficiently small 5 > there 
exist biholomorphic maps F$:Ts — > C n with FgU = uj and \\F$ — f\\ci(T s M) = o(5 fc ~- 7 ) for 
< j < k. 

We postpone the proof of lemmas 6.1 and 6.2 for a moment. 

Proof of theorem 1.5 in the smooth case. Let f:M = Mo — > M\ be a C fc -diffeomorphism 
as in theorem 1.5. By lemma 2.6 there is a <9-flat extension f of f satisfying f*u = uj at 
points of M. By lemma 6.1 we can modify this extension, still denoting it /, such that 
\ f*uj — uj\ = o(d k ] ^ 1 ). Finally we apply lemma 6.2 to get biholomorphic maps F$ in tubes 
T$ around M satisfying F^uj = uj and the estimates (1.2). This proves theorem 1.5 in 
the smooth case, granted that lemmas 6.1 and 6.2 hold. We postpone the proof in the 
real-analytic case to the end of this section. 4t 

Proof of Lemma 6.2. Let / be as in lemma 6.2 and let FgiTs — > C n (for small 5 > 0) 
be holomorphic maps of the form (6.1) obtained as in the proof of theorem 1.2. From the 
estimates on R$ in (6.1) and the assumption \ f*u> — uj\ = o(d k I ^ 1 ) it follows that 

\\{F' s Yuj - uj\\ CHTs) = o^- 1 ), < j < k - 1. 

Set uj s = (F^)*u; this is a holomorphic p-form on T$ which is close to uj. Choose constants 
< a < c < 1. Using Moser's method [M] we shall construct a holomorphic map G5: T a s — > 
7s which is very close to the identity map and satisfies G$uj s = uj on T a s. The holomorphic 
map F$ = Fg o G5: T a § — > C n is then close to Fg (and hence to /), and it satisfies Fgui = 
G* s (uj s )=uj. 

We first outline the Moser's method, postponing the estimates for a moment. Set 
uj{ = (F^)*u and u 5 t = (1 - t)u + tuf for t E [0, 1]. Then du 5 t = 0, and u 5 t is close to uj for 



32 



each t and 5. Our goal is to construct a C 1 -family of holomorphic maps G t = Gg }t - T a g — > Tg 
satisfying G = Id and G* t u)\ = to for all t G [0, 1]; the time-one map Gg = Gg^ will then 
solve the problem. 

To simplify the notation we suppress 5 for the moment, writing uif = u>t and Gs,t = 
G t - Suppose that such a flow G t exists. Denote by Z t its infinitesimal generator; this 
is a holomorphic time-dependent vector field on the image of G t , satisfying ^G t (z) = 
Z t (G t (z)) for each t G [0, 1] and each z in the domain of G t . Differentiating the equation 
G^uit = uj on t and applying the time-dependent Lie derivative theorem ([AMR], Theorem 
5.4.5., p. 372), we have 

= j t (G* t u> t ) = G* t (L Zt uj t + ju t ) = G^diZtM+^-u). (6.2) 

We have also used the Cartan formula for the Lie derivative Lz t wt, as well as duj t = 0. 
This shows that G* t to t = uj holds for all t G [0, 1] if and only if the generator Z t satisfies 
the equation d(Z t \u> t ) + u>i — w = for alH G [0, 1]. 

At this point we observe that uj is exact holomorphic on C n , uj = d(3; in fact when 
uj is the volume form (1.4) we may take j3 = ^ X]j=i( — ^Y +1 dz[j], and when u is the 

symplectic form (1.5) we may take (3 = ^ - =1 z^j-xdz^y Hence the difference uj\ — uj = 
Fg*d(3 — d(3 = d[Fg*(3 — (3) is exact holomorphic on Tg. By theorem 5.1 we can solve the 
equation dv = ui\ — uj to get a small holomorphic (p — l)-form v = vg in T c g. Let Z t be the 
unique holomorphic vector field on T c g solving the (algebraic !) equation Z t \uit + v = 0. 
Integrating Z t we get a flow G t satisfying G* t ui t = uj on its domain of definition. 

For this approach to work we must choose vg on T c g to have as small sup-norm as 
possible; this will imply that \Z t \ is small, and hence its flow Gt(z) will not escape the tube 
T c g (on which Z t is defined) before time t = 1, provided that the initial point Gq(z) = z 
belongs to the smaller tube T a g. (In particular, the solution vg = {F' s )* f3 — f3 may not work 
since F' s is not close to the identity map.) 

In order to apply theorem 5.1 efficiently we must first show that dvo = i*(u>i — uj) 
has a solution on M with small norm. Consider the map h: [0, 1] x M — > C n , h(t, z) = 
f(z) + tRg(z), and set w = h*ui. Also let it- M — > [0, 1] x M denote the injection U(z) = 
(t, z) (z G M, t G [0,1]). It follows from lemma 2.1 that v$ = f Q i^(-^\w)dt solves 
dvo = i*w — IqW. We have i\w = i*u>i and IqW = i* f*ui = i*uj, so dvo = i*(u>i — uj). It 
follows from the formula above that = Y^j=i r j v ji where rf , • • • , r£ are the components 
of Rg and v i, • • • , v n are (p — 1) -forms on M with \\vj \\c k ~ 1 (M) bounded independently of 5. 
This gives ||fo||c ! (M) = o(5 k ~ l ) for < I < k — 1. It follows that ||i>o||a s (m) = o(S h ~ s ) for 
a given s G (0, 1). Since ||u;i — u)\\l°°(t s ) = oi^ -1 ), it follows from theorem 5.1 that for all 
sufficiently small 5 > we have a holomorphic solution of dvg = u>i — uj in T c g, satisfying 
NIU~(t c4 ) = o(5 k ). 

Let Zf be the holomorphic vector field in T c g satisfying Zf\uf = vg. The above 
estimate on vg implies ||^||L oo (r c5 ) = °(^ fc ) 5 uniformly in t G [0, 1]. The standard formula 
for the rate of escape of the flow shows that we can choose 5q > sufficiently small such 
that for all 5 G (0, So) and all initial points z G T a g : the flow Ggj(z) of Z^ remains in T c g 
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for all t e [0,1]. At t = 1 we get a map G$ = Gg^:T a s — > T c $ satisfying G* 5 uj{ = to and 
\G s (z) - z\ =o(5 k ) for zeT aS . 

Set Fj = Gj o i^. Since the maps have uniformly bounded C 1 -norms on 7§, we 
see that \\F$ — Fg\\ L oo^ aS ) = o(5 fc ). Replacing a by a smaller constant and applying the 
Cauchy inequalities we also get 

\\F S - fWcnrJ <\\F S - F' 5 \y {Tas) + \\F> 5 - j\\ a{Ts) = o{8 k ^), j < k. 

By construction we have Fgui = uj, so F$ solves the problem. 6 

Remark. This method applies on any domain D CC C n on which we can solve the 
(^-equations with estimates (e.g., on pseudoconvex domains); it shows that for any holo- 
morphic map F'\ D — > C n for which \F'*uj — uj\ is sufficiently uniformly small on D there 
exists a holomorphic map F: D' — > C n on a slightly smaller domain D' CC -D such that 
F*u = uj and F is uniformly close to F' on Z/. We obtain F in the form F = F' oG, where 
G:D' — > L> is a holomorphic map close to the identity, chosen such that G*{F'*uj) = uj. 
The precise amount of shrinking of the domain depends on ||F'*a; — co'||l oo (d) an d on the 
constants in the solutions of the 9-equations; we do not know if there is a solution to this 
problem on all of D. 

We now turn to the proof of lemma 6.1. We shall need the following: 

6.3 Lemma. Let u be a d-closed p-form of class C k ~ 1 in a neighborhood of M, with 
p > 1, such that the (p, 0)-component u' ofu is d-Bat on M, and u" = u—u' is (k — l)-Bat on 
M. Assume i*u = 0, where i: M * C n is the inclusion. Then there exists a (p — 1, 0)-form 
v in a neighborhood of M such that v = Cj v j> where each Q is a d-Bat C k -function 

vanishing on M, each vj is a d-Bat C k ~ 1 -form, and \u — dv\ = o(d k ] ^ 1 ). If u = on M, we 
may take Vj = on M for all j. 

Remark. Using the rough multiplication (lemma 2.5) we see that there is a <9-flat (p, 0)- 
form v of class C k that also satisfies \dv — u\ = o(d k ^ 1 ). However, the version stated 
above is often technically more convenient since we may wish to postpone the use of rough 
multiplication. 

Proof of Lemma 6. 3. In the case m = n we may take v = which can be seen as follows. 
We have u' = J2\i\= p uidz 1 , where the coefficients ui are C fc -functions that are <9-flat on 
M; hence i*u = means that ui = on M for all I (since the coefficients of u" vanish on 
M). It follows from the Cauchy- Riemann equations that each uj is flat on M, so we way 
choose v = 0. 

When m < n, we use the asymptotically holomorphic extension M of M (lemma 2.4) 
and the <9-flat retraction F to M. Recall that a neighborhood of M may be covered by 
C fc -charts Gf. Ui -> V t , G l (z) = (z' (i) (z), w' {i) {z)) E C m x C n " m , 1 < i < r, satisfying 

- d is Mat on M, G Z (M n Ui) = Vi D (R m x {0}), G^MnU,) = V t D (C m x {0}); 

- the retraction F is given in these local coordinates by (£, (z\ w')) — > (z\ tw'). 
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Let i: M C n be the inclusion. Arguing as in the case m = n and making use of the 
<9-flat local parametrizations of M, we see that i*u is flat on _M, and so is n*u = n*i*u, 
where tx = Fq. When F: [0, 1] x W — > is the retraction to M, the form 

v = j\* t (§- t \F*u)dt (6.3) 

solves = «-7r*« on a neighborhood of M according to lemma 2.1. Expressing it in the 
Gi-coordinates (z'^(z), w'^(z)) (which are <9-flat on M) we get 

u = Yl a i,j( z li)' w '^) dz 'i) A dw '(i) + r w 
m+|j|=p 

on Ui, where the a^j are C fc_ ^functions that are <9-flat on R m x {0} and is a C fc_1 -form 
that is flat on M. Using the formula following lemma 2.1 we see that v (6.3) is a linear 
combination of terms 

w kj(J Q a/,j(4),H))* |K|cft ) rf 4 Ac M*' 

where \I\ + \K\ = p — 1 and 1 < j < n — m, plus a remainder term r"^ satisfying 
|<9 a r"^| = o((i^7' Q ') on £/j for \a\ < k — 1. Here w'^ ■ denotes the j-th component of w'^y 
Since is <9-flat, it follows that 

n—m 

d =J2 w (i),Aldz L + r {i} 

3=1 \L\=p-l 

in Ui, where each gy L is a <9-flat C fc_1 -function and behaves like r'^y 

Choose a <9-flat partition of unity {ipi] r i=1 subordinate to the covering {Ui} r i=1 , and 
choose <9-flat cut-off functions Xi £ ^o°(Ui), with Xi = 1 near supp-i/^ D M for i = 1, • • • , r. 
Let Ci> ' • • > Cjv (with iV = r(n — to)) be some enumeration of the collection of functions 
{ipiw',j\ •: z < r, j < n — to}. Furthermore let v\, • • • , vn be the corresponding enumeration 

of the forms Xi J2\l\= p -i 9^L dzL ■> prolonged by zero outside Ui. Set v = J2iLi Ci v i- Clearly 

\dv — u\ = o{d k 1 ^ 1 ). Furthermore, if u = on M, we also see that f Q ai : j(z', tw')t^ K ^dt = 
on Vi n (R m x {0}), and hence v x = ■ ■ ■ = v N = on M. 6 

Proof of Lemma 6.1. In the unimodular case, u = dz\ A • • • A dz n , we could successively 
increase the order of vanishing of fui — u on M by adding certain correction terms to /. 
This seems harder to do in the symplectic case, so we shall instead present an argument 
that works uniformly in both cases. It is a modification of Moser's method: With ut = 
(1 — t)uj + tf*<jj, we shall construct a C 1 -family of <9-flat C fc -maps g t on a neighborhood of 
M, with go = id and \-^g^u>t\ = o{d k ^ 1 ) uniformly in t. Given such a family, integration 
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in t gives Wg^oji — oj\\ = o(d k ^ 1 ). We will also show that gi is <9-flat on M. Hence the map 
/ = / ° 9i wm satisfy lemma 6.1. Furthermore, we shall see that \gi(z) — z\ = 0{(Im{z) 2 )i 
so Dgi = Id on M and hence / and / have the same differential on M. 

We shall obtain g t by integrating a certain real time-dependent vector field X t of class 
C k . Differentiating -^g^u t as in (6.2) we see that X t must satisfy \d(X t \u t ) + u>i — u>\ = 
o{d k 1 ^ 1 ). We shall now construct such a vector field. More precisely, we shall construct a 
continuous family of C k real vector fields X t on a tube T = Tg , satisfying the following 
properties for each t G [0, 1]: 

(1) X t , considered as a map T — > C n , is <9-flat on M. (Here we identify a real tangent 
vector X = Y^j=i ctjd/dxj + bjd/dyj G T z C n with the corresponding complex vector 
(a± + ibi, . . . , a n + ib n ) G C n .) 

(2) \X t (z)\ < Cd M (z) 2 for some C > independent of t G [0, 1]. 

(3) \d(X t \uj t ) + wi - a; | = o(rf^ 1 ), uniformly in t G [0, 1]. 

Let us first show that this solves the problem. We must show that X t can be integrated 
from t = to t = 1 for all initial values in a smaller tube. Recall that, after shrinking 5q 
if necessary, the function dM is differentiable in Tq\M, with a gradient of length one. Let 
z(t) be an integral curve of X t in Tq\M, t G [0,to], and set u(t) = d,M(z(t)). Then 

u'it) = Vd M (z(t))-X t (z(t)) < \X t (z(t))\ < Cuit) 2 . 

Here we denoted by v-w the real inner product of the vectors v,w G C n . Integrat- 
ing the inequality u'(t)/u(t) < C from to t gives l/u(0) — l/u{t) < Ct and thus 
u(t)(l - Ctu(0)) < u(0) for < t < t . Let the initial value z(0) G T Sl \M, where 
5 1 < min(5 /2, 1/2C). It follows that u(t) < u(0)/(l - Ctw(0)) < 2u(0), and hence the 
integral curve extends to all values t G [0,1]. Since \X t (z(t))\ < Cu(t) 2 , we see that 
\z(t) — z(0)\ < 4Cu(0) 2 t. In other words, the time-t diffeomorphisms gt are well defined 
on T$ 1 for all t G [0, 1] and they satisfy \gt(z) — z\ < 4CtdM(z) 2 . In particular, gt(z) = z 
and Dg t (z) = Id for z G M and t G [0, lj. 

To show that the C fc -maps gt are <9-flat on M, we consider the variational equation 
■^D z g t (z) = D z X t (g t (z)) o D z g t (z) with the initial condition D z g = Id. Decomposing 
the differential D<j) as the sum of a C-linear part D'<j) and a C-conjugate part D"<fi, we get 

^-D'Mz) = D'^g t {z)) = D>;(X t (g t (z))) 

= (D' z X t )(gt(z)) o D'Mz) + (D>;X t )(g t (z)) o D' z g t (z). 

We apply both sides to a unit vector v G C n and set y(t) = D" z g t [z)v G C n . We obtain 
a linear differential equation y'(t) = A(t)y(t) + b(t) with the initial condition y(0) = 
D z go(z)v = 0. The function u(t) = \y(t)\ is differentiable when u(t) ^ and u'(t) = 
y'(t)-y(t)/\y(t)\ < \y'(t)\. Thus, if \A(t)\ < A and |6(t)| < 6, we see that u'(t) < Au(t) + b 
where u(t) ^ 0. We shall prove that u(t) < \{e At — 1), t G [0,1]. If u{t) = 0, there 
is nothing to prove. If not, let to be the largest zero of u on the interval [0,t]. Then 
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v(s) = u(s)a As satisfies the differential inequality v'(s) < be As for s G (t , t]. Integration 
from t to t gives v(t) < ^{e~ Ato - e~ At ) and u{t) < \( e A ^-^ - 1) < \(e At - 1). 

We know that \D z X t (z)\ and \D z g t (z)\ are bounded uniformly in z G T$ 1 and t G 
[0, 1], while \D z X t (z) = o(d,M(z) k ~ 1 ). Thus we may choose the upper bound A for \A(t)\ 
independently of z G T$ 1 and the unit vector v, and we may choose the upper bound b of 
\b(t)\ to be of size b = o(d,M(z) k ~ 1 ) 1 uniformly in v. Since u(t) = \D"G t (z)v\, it follows 
that \D"g t (z)\ = o(d,M(z) k ~ 1 ) 1 so each g t is 9-flat on M. 

By assumption we have \d(X t \u> t ) z + (ui\ — ujq) z \ = o(dM(z) k ~ 1 ). Since dM(gt( z )) < 
2c?m(-2) and the norms |£)^^(^)| are bounded uniformly in z G T$ 1 and t G [0, 1], we have 
\-§l{gt< jJ t)z\ = oiduiz^ -1 ), uniformly in t. By integration in t we obtain |(<7*o;i — uj) z \ = 
o(dM(z) k ~ 1 )- Setting / = / o g ll we see that / is a <9-flat C fc -extension of /, Df = Df on 
M, and \(f*uj — ui) z \ = o((iM(-2) fc_1 )- Thus f satisfies lemma 6.1. 

It remains to construct the vector field X t . Applying lemma 6.3 to u> — u\ we obtain 
a (p — 1, 0)-form v near M with \dv — (u — ui)\ = o(d h ^ 1 ) and v = on M. We decompose 
u t as + cu", where u' t is the (p, 0)-component of u> t - Then cu^ = u + t(o; / 1 — a;), and = cj 

on M for each t. Hence the map 0: Z — > Z'Jo;^, taking the (1, 0)-vectors Z G T^^C 1 to 
A^ p_1 '°^T*C n , is an isomorphism for z near M and t G [0, 1]. Hence the equation Z' t \ui t = v 
uniquely defines a time-dependent (1, 0) vector field Z' t on C n near M. 

With respect to the basis • • • , g|- for (1, 0)-vectors and the basis dz[l], ■ ■ ■ , dz[n] 
(respectively dz\, • • • , dz n ) for the (p — 1, 0)-covectors, the map is represented by an 
(n x n)-matrix valued function A(t, z) = Aq + tB(z), where Aq is constant and invert- 
ible, and the entries of B(z) are 9-flat C fc_1 -functions that vanish on M. It follows that 
the entries of A(t, z)~ x are rational functions b(t, z) in t, with coefficients that are d- 
flat C fc_1 -functions. From the properties of v, as given by lemma 6.3, it follows that 
%t = J2j ! =i(jYlk=i r jk(t,z)d/dzk, where Cii'"iCn are C fc -functions that vanish on M 
and are 9-flat on M, and each rjk is a rational function in t with coefficients that are <9-flat 
C fc ~ ^functions with r jfc (t, z) = for z G M. 

We next apply the rough multiplication lemma to the pairs (Q(z),rjk(t,z)) with 
respect to the compact subset M x [0,1] in C n x R and obtain C fc -functions ai(z,t), 

1 < I < n, 9-flat on M with respect to z, such that | X^jLi Cj r jl(ti ' ) — a l{t-, ' )| = °(^m)> 
uniformly in t. (Remark : Use of the parametrized version of rough multiplication gives a 
smooth family of C fc -functions, but we do not need that.) 

We set Z t = Y^i=i a i{ti z )d / dzi and X t = Z t + Z t . Writing ai = u\ + ivi, with ui 
and vi real, we have X t = Y^=i u l{ z i t)d/dxi + vi(z, t)d/dyi. If we consider X t as a map 
T — > C n , this means that X t = (ai(t, z), • ■ • , a n (t, z)) and is <9-flat on M. Furthermore, 
since Cj( z ) and rji(t,z) both vanish when z G M, we see that X t vanish to the second 
order on M. 

Finally, we must show that (3) is satisfied. Writing X t = Z t + (Z t — Z' t ) + Z' t , we see 

that 

d{X t \u t ) +ut-u = d(Z t \u'l) + d((Z t - Z' t )\u' t ) + (dv + u 1 -u). 

The first term on the right hand side is o(d\ d ) since ui' t ' vanishes to order k — 1 and Z t 
vanishes to the second order on M. Furthermore, Z t — Z[ vanishes to the /c-th order, so 



37 



the second term is o(d k M 1 ), and the third term is \dv + ui — u>\ = o(d k M x ). Thus (3) holds, 
uniformly in t, since the derivatives are continuous in (z,t). A 

Proof of theorem 1.5 in the real-analytic case. By assumption there is a continuous 
map ifjQ-. Mq — > SL(n,C) (resp. ipo: Mq — > Sp(n, C)) such that ipo jZ agrees with d z f on 
T z Mq for each z G Mq. By Remark 1 following the proof of theorem 1.2 (sect. 4) i(jq 
may be approximated by a holomorphic map tfji from a neighborhood of Mq to GL(n, C) 
with = d z f on T Z M for each 2 G M . Since ifj^ z uj = uj for 2; G M and since ipi 
approximates ipo on M , it follows that the form ipl z uj = (detipi iZ )uj is close to uj for all 

z G Mo sufficiently near Mq. 

We may think of tpi as a holomorphic automorphism of the trivial bundle M x C n — > 
Mq. We claim that there is another holomorphic automorphism g of Mq x C n such that 
g\ T M = Id and g*ifjluj = uj . In the unimodular case we let g act as the identity on TM 

and as multiplication by {detipi)~ l ^ ri ~ m ^ on vq (the holomorphic extension of the complex 
normal bundle vq to Mo); the root is well-defined since the function det-i/>i )2 is close to 
1. In the symplectic^case g is a reduction to symplectic normal form with holomorphic 
dependence on z G Mq. In both cases the map ip = tpi o g is an automorphism of the trivial 
bundle M x C n satisfying ifj*u> = uj. 

Let Fi be a biholomorphic extension ofj^ constructed from ip = ipi o g asjn Remark 1 
(sec. 4), satisfying d z F\ = tfj z at points z G Mo. Thus F*ui = uj at points of Mo. Applying 
Moser's method as above we can construct a biholomorphism G in a tubular neighborhood 
of Mq which equals the identity on M and satisfies G*{F*uj) = to. Then F = F\ o G is a 
biholomorphic map near M which extends / and satisfies F*ui = uj. 4 

&7. Proof of theorems 1.7 and 1.8. 

We will have to consider maps which have different degree of smoothness with respect 
to the time variable and the space variable, and we shall use the following terminology. 

Definition 4. Let U be an open subset of [0, 1] x R m . A mapping f:U^> R n is called 
a C l -family of C k -maps if d J t {d^f) is continuous in U for < j < I and \a\ < k. There 
is an obvious extension of this notion to maps f: [0, 1] x M — > TV where M and N are C k 
manifolds. If in addition f t = f(t-) is a diffeomorphism (of its domain onto its image) for 
each t G [0, 1], we call f = {ft} a C l -family of C k -diffeomorphisms. 

Thus a C 1 -family of C fc -diffeomorphisms is the same as a C fc -isotopy (or a C fc -flow) in 
the sense of definition 1 in sect. 1. We remark that if f t is a C z -family of diffeomorphisms 
on domains Ut C R n for t G [0, 1], the family of inverses ff 1 are not necessarily a (^-family 
if / > 0, the reason being that the t-derivatives of the (derivatives of the) inverse map will 
involve higher order ^-derivatives of the original map. 

In the situation in theorem 1.7 we shall say that a time-dependent family of C fc -forms 
on submanifolds M t C C n , at = J2\i\= p c^i^dz 1 with ctij G C k (M t ), is a continuous family 
of C k -forms if ai )t ft is a continuous family of C fc -functions on M for all multiindices /. 
Recall that T$ = TgM is the open tube of radius 5 around a submanifold M C C n . 

The main step in the proof of Theorem 1.7 is the following result. 
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7.1 Theorem. Let f t :M = M -> M t C C n (t G [0,1]) be a C 1 -family of C k - 
diffeomorphisms between compact, totally real, C k -submanifolds ofC n , with /g the identity 
on M. By i t : M t C n we denote the inclusion map. Let at (t G [0, 1] ) be a continuous 
family of (p, 0)- forms of class C k on Mt such that %\at is closed on Mt for each t. Then there 
exists an extension of a t to a continuous family a t of (p, 0)- forms of class C k on a neighbor- 
hood of M = Ut€[o,i]{*} x ^ in [0, 1] x C n such that for all sufficiently small 5 > there 
exists a continuous family of closed holomorphic p-forms u 5 t on Us = \J t e[o l] W x 1sM t 
satisfying 

ht - S t || C r(r 4 M t ) = o(5 k ~ r ), 0<r<k, 

uniformly in t G [0, 1]. If i* t a t is exact on M t for each t G [0, 1], we may choose u s t exact 
for every t; in this case u 5 t can be chosen to be entire if each M t is polynomially convex. 

In the simplest case when M t = M and a t = a for all t G [0, 1] , the main steps in the 
proof of theorem 7.1 are as follows (we write T$ = TgM): 

(i) We construct a (p, 0)-form a on a neighborhood of M such that da is flat on M. In 
particular, a is <9-flat on M; 

(ii) we approximate the coefficients of a by holomorphic functions to obtain a holomorphic 
p-form v! in T$ with ||rf , u / ||L oo (T 5 ) = o(5 k ~ 1 ); 

(iii) we solve dv = du', with v holomorphic and \\v \\l°°(t s = °(d h )i an d set u = u' — v; 

(iv) if i*a is exact, the norm of the de Rham cohomology class of i*u is o(5 k ), and this class 
may be represented by a holomorphic p-form uq on T$ of size o(5 k ). Then u\ = u — uq 
is exact and it approximates a to the right order on M. 

In the parametric case we perform these steps such that the solutions are continuous 
with respect to the parameter t. Before giving the proof of theorem 7.1 we summarize 
(slight extensions of) certain well known results that we shall need. 

We begin by considering the parameter dependence in Whitney's extension theorem. 
Instead of a general compact subset K C R n (or K C C n we consider the case when K is 
a compact C 1 -submanifold, with or without boundary. This is a so-called 1-regular set, so 
we have the following more precise results (see [T], chapter IV, sec. 1 and 2, in particular 
p. 76): 

(i) Let A = {a G Z": \a\ < k}. The collections F = (f a ) a£A e C(K) A , satisfying 
the Whitney condition, form a closed subspace £ k (K) of C(K) A with respect to the 
sup-norm; we shall call such collections Whitney functions. 

(ii) The Whitney extension operator W:S k (K) -> C$(K'), where K' C R n is a closed 
neighborhood of K, is linear and norm-continuous. Thus d a W(F) = f a on K for 
each a G A and 

\\W{F)\\ CH K>) < Csup{||/ Q || L oc (K) : \a\ < k}. 

(iii) There exists a constant C > such that Cuj is a modulus of continuity for d a W(F), 
\a\ = k, whenever u is a modulus of continuity for all f a , \a\ = k. 



39 



From this it follows immediately that if f a j, a G A, are C -families of continuous 
functions on K and if F t = (f a ,t)aeA is a Whitney function for each t G [0, 1], then their 
Whitney extensions W(F t ) are a C z -family of C fc -functions, and we may bound the t and 
x derivatives of W(F t ) in terms of F t . 

Using the above results, the proof of lemma 2.5 (sec. 2) gives the following: 

7.2 Lemma. (Parameter-dependent rough multiplication.) Let K C R n be a compact 
^-submanifold, with or without boundary. Let ft be a C l -family of C k -functions and gt a 
C l -family of C k ~ 1 -functions on a neighborhood of K in R n such that ft = 0onK for each 
t G [0, 1]. Then there exists a C l -family of C k -functions ht on a neighborhood of K such 
that \h t — ft9t\ = o(d k K ), uniformly in t G [0, 1]. If K C C n and if f t , gt are d-Qat on K, 
then so is h t . 

We next prove an extension lemma. 

7.3 Lemma. Let M C C n be a compact, totally real, C k -submanifold. For any C -family 
of C k -maps ft-M — > (t G [0, 1]) there exist an open set U C C n containing M and a 
C l -family of C k -maps f t :U^C N such that each f t is d-Qat on M and it restricts to ft on 
M. If N = n and f t :M -> M t = f t (M) C C n is a diffeomorphism for each t G [0, 1], we 
can choose f t as above to be a C l -family of C k -diffeomorphisms on U. 

Proof of Lemma 7.3. Let m = dim R M < n. We consider first the case when M = V 
is a smoothly bounded compact domain in R m C C m C C n . Write zj = Xj + iyj with 
Xj,yj G R. Given / G C k (V), we consider the following Whitney function on V for the 
real coordinates xi, . . . , x m , yi, . . . , y m in C m : 

F: f {a ,, a „) = i |a "! d:' + «"(f), a', a" G Z™, \a'\ + \a"\ < k. 

From the Cauchy-Riemann equations = i-^- (1 < j < m) for a function g in a 

neighborhood of V in C m it follows that the Whitney extension / = W(F) of F to C m 
is 9-flat on V. If m < n, we extend W(F) trivially in the variables z m +i, ■ • • , z n to get a 
Whitney extension on C n . Moreover, if {ft't G [0, 1]} is a C'-family of C fc -functions on V 
and we define F t as above, the Whitney extensions W(F t ) are a C^-family of C fc -functions 
which are 9-flat on V. 

Next we consider a local C fc -parametrization <j>:U — > M around a point t^o G M, 
where C/ is an open set in R m . Let z = 4>~ 1 (w ) G U. Choose a smoothly bounded 
domain V CC U containing z and set W = <j>(V) C M. Let be an extension of <j> to C n 
constructed above which is <9-flat on V. If m < n, we also choose a basis v±, • ■ ■ , v n — m of 
the complex normal space (T^ Q M) to M at iuo- The map $(^) = 4>{ z ) + Xl^i" ^m+j^j 
is then a C fc -diffeomorphism in a neighborhood of zq which is <9-flat on V; hence its inverse 
$ _1 is well defined in a neighborhood W C C n of wo and is <9-flat on W (1 W C M. 

The first part of the proof also provides an extension tfj t of the map fto<p:V —^C n to a 
neighborhood of V in C n such that ip t is 5-flat on V. The composition ^ f o — > C n 
is a C fc -extension of the map f t which is 9-flat on W fl W C M. 
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This gives us a local <9-flat C -extension of f t in a neighborhood of each point w G M. 
We can patch these local extensions by a <9-flat partition of unity along M as in lemma 
2.6 to obtain a desired C'-family ft satisfying lemma 7.3. 

It remains to consider the case when ft'.M — > M t is a diffeomorphism for each t G 
[0, 1]. Let M = Ute[o,i]{*} x M t c [°> x ] x C " '» and let / : [0, 1] x M — > M be the map 
f(t,z) — > (t,ft(z)). Let z/ denote the complex normal bundle of M and z/* the complex 
normal bundle of M t in C n . Then z/ = Ute[o i]{0 x * s ' ^ n an obvious way, a vector 

bundle over M, and [0, 1] x v is a vector bundle over [0, 1] x M. By standard bundle 
theory (see Lemma 1.4.5 of [Ati]) there exists a bundle equivalence ip: [0, 1] x v — > z? over 
/. Thus we have continuously varying isomorphisms z/ 2 — > Vf t ( z \ (z G ^f> * G [0, 1]) which 
we extend to a continuous map A': [0, 1] x M — > Endc(C n ). Then we approximate A' by 
a C'-family of C fc -maps A: [0,1] x M — > Endc(C n ) so that A(t,z)v z is a supplementary 
subspace to (Df t ) z (T°M) for each (£, z) G [0, 1] x M. Let L(£, z) equal (Df t )^ on Tf M 
and A(£, z) on z/ 2 . Since T z C n = T 2 C M © z/ 2 , L(i, z) belongs to GL(n, C), and it is not 
hard to check that L t = L(t,-):M — > GL(n,C) is a C z -family of C fc_1 -maps extending 
Df t . Using Lemma 7.2 it is easy to see that lemma 2.6 has a parameter-dependent version 
which gives the desired conclusion. 4 

Proof of Theorem 7.1. Set M = Mq and i = i$:M <^-> C n . We first apply Lemma 
7.3 to get a neighborhood {7 C C n of M and a continuous family of C fc -diffeomorphisms 
ft'.U^UtCC 71 which are <9-flat on M. The family of inverses (ft)~ -Ut — > £7 is then a 
continuous family of C fc -diffeomorphisms on U = Ute[o i]W x ^* which are <9-flat on M t 
and which extend f^ 1 : M t — > M. 

Let ctt = ^i/^p^t^ be as in theorem 7.1, with ai )t £ C k (M t ). Our assumption is 
that ai jt o f t (t G [0, 1]) is a continuous family of C fc -functions for each I. Applying lemma 
7.3 we can extend it to a continuous family a\ t of C fc -functions on [0, 1] x U which are 

<9-flat on M. Set ai jt = ot'j t o (ft) -1 and 5 t = Xl|j|=p ^i^dz 1 ; this is a continuous family 
of C fc (p, 0)-forms on U, and 5t is <9-flat on M t . 

The next step is to modify at so as to make its differential flat on Mt. We observe 
that both fla t and (3 t : = df?a t = ft(da t ) are continuous families of C fc_1 -forms on U. By 
assumption, di* t a t = 0, hence i*(3 t = 0. 

It is clear that the proof of lemma 6.3 produces a (^-family of solutions vt for any 
C z -family u t satisfying the assumptions in that lemma. Applying this to the forms u t = (3 t 
constructed above, we obtain a continuous family of (p, 0)-forms 7^ = X)*Li Cjlj,t e 
[0, 1]) such that drj' t — fit is (k — l)-flat on M, where Ci> • • • > Cjv are <9-flat C fc -functions 
vanishing on M and 7^ are continuous families of C h ~ 1 (p, 0)-forms that are <9-flat on M. 

Then (/ i ~ 1 )*7j ;t = X^|j|= p a j,i,tdz I + Xj it where ajj jt are continuous families of C k ~ 1 - 
functions that are <9-flat on M t and \j tt = o{d k 1 ^ 1 ) uniformly in t. Applying parameter 
dependent rough multiplication (lemma 7.2) to Q and Oj,/,t ft gives continuous families 
bjjj of C fc -functions near M which are <9-flat on M. Setting ^ t = ^2\i\ =p J2jLi(^jJ,t 
ff 1 )dz I and at = at — It, we get at |m 4 = ct^, t G [0, 1], and \dat\ = o(<i^7 t 1 ) uniformly in 
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t. 

The next steg is to approximate f t well by biholomorphic maps in tubular neighbor- 
hoods Ts of M. ft maps M onto Mt and is a diffeomorphism from a neighborhood U of 
M on a neighborhood E/t of M^, with estimates on derivatives valid for all t G [0, 1]. It 
follows that for some a > and all sufficiently small 5 > we have ft(TasM) C TsMt and 
ft\Ta 5 M t ) C T 5 M for all * G [0, 1]. 

If we apply the solution operator of theorem 3.1 to the equation <91r^ = dft in Ts = 
T S M and set h\ = f t - R 6 t , we obtain a continuous family of holomorphic maps h 5 t on T§ 
satisfying \\hf — ft\\&(T s M) = o(8 k ~i) for j < k, where k > 2. It follows that for small 
5 > the map /i^ is a biholomorphism of T$ onto its image, and gl := ff 1 o h\ is a 
C fc -diffeomorphism of the tube Ts onto a small perturbation of Ts. 

Since /if is close to f t: it is not hard to see, using the argument in the proof of 
theorem 1.2, that if < a < a and e > are given then for 5 > sufficiently small 
(depending on a and e) we have the inclusions h s t (Ts'M) D T a s'Mt for e5 < 5' < 5 and 
{h()- 1 {T 6l M t ) D T aS 'M for e5 < 5' < aS. We also have T d , /2 M C g 5 t (T d >M) C T 2(f M for 
e5 < 5' < 5, for all t. 

The next step is to approximate at by a continuous family of holomorphic p- forms u' t (— 
u't) on tubes TsM t . Suppose that at = J^ii^p^tjdz 1 . For small 5 > 0, ht^ a (Ts/ a M) D 
T^Mt for t G [0,1]. Let u" j be holomorphic approximations to a t ,i ° constructed 
as Fs in section 4. Set itj 7 = u" j o (h 5 J a )~ 1 . Then the p-form u' t = J2\j\ =p u' t jdz 1 is 
holomorphic in TsM t and satisfies \\u' t — (Xt\\&(T s M t ) = (^ fc_ "')? uniformly in t. We also 
see that ||Gfa4||L°°(T 5 M t ) = °(^ fc_1 )? an d if we set vqj = *t ( M t — «t) then d?;o,t = i*tdu' t . 

We wish to prove the existence of a continuous family of holomorphic (p — 1) -forms 
Vt(= vf) on %sM t for some b > 0, with || L°°(r b4 M t ) = (<5 fc ) 5 uniformly in t, and solving 
d?;t = du' t . Then = f/J — would be a continuous family of closed holomorphic p- forms 
with ||«t|M t — a t\\c3{M t ) = °(d k ~^)i uniformly in t, as required. 

A parameter-dependent version of theorem 5.1 for the family Mt would give that result. 
The following argument will give this for a small b > 0, but we shall restrict ourselves to 
the special case we need. Choose a < a and e = a/2. For 5 > small, w' t = ft (du't) 
are C fe_1 -forms on TasM with \\w' t \\ L ^(j_ 5 M) = o(5 k ~ 1 ) and \\w' t \\ C s {T _ sM) = o(5 k - 1 ~ s ), 
uniformly in t. 

Furthermore, with v' Qt = ft v o,t, we have dv' ot = i*w' t on M, with H^o^Hl 00 = o(8 k ) 
and || ^o,t II C s = o(5 k ~ s ), uniformly in t. Then the first part of the proof of theorem 5.1 
and the remarks on continuous t-dependence give a continuous family of C fc_1 -forms u' t 
on TasM solving dw' t = w' t , with Hu^H^oo = o(S k ) and 1 1 1 1 C s = o(5 k ~ s ), uniformly in t. 
Then uj t = (gf)*u' t are defined on T^s/ 2 M and satisfy the same kind of estimates, and 

dut = (hi )*(ft 1 )* w t = (h S t)*du't is holomorphic. Since a < a, the second part of the 
proof of theorem 5.1 gives the existence of a continuous family of holomorphic p- forms 
v' t on T aS/2 M satisfying dv' t = (h 5 t )*du' t and |K||l~(t o4/2 m) = o(5 k ), uniformly in t. By 
assumption hf(T a5 / 2 M) D T a 2 S / 2 M t for each t, and vf = (hf)~ 1 *v' t is a continuous family 
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of holomorphic p-forms on T a 2 5 / 2 M t with dvf = du' t on T a 2 S / 2 M t and ||i>f = o(8 k ) 
uniformly in t. 

We now show that if i* t oit is exact for every t, the holomorphic forms as above may 
be chosen to be exact. We recall that the de Rham cohomology group H P (M, C) is finite 
dimensional and / t *: H p (M t , C) — > H P (M, C) is an isomorphism for every t. We have that 
H P (M,C) {a E C( P )(M) : cfct = 0}/(exact forms), where derivatives are taken in the 
weak sense, and we may equip H P (M, C) with the quotient norm. 

For each to £ [0,1] there exist closed holomorphic p-forms u\,---,un on an open 
neighborhood U of M to such that K ttj], 1 < j < N, is a basis for H p {M ta ,C). Then 
£ — > is a continuous map [0,1] — > H P (M, C), and t — > [/ t *Mj] is continuous for £ 

neat £ and 1 < j < TV. It follows that {[f?Uj]:j < N} is a basis for # P (M, C) for £ in 
a neighborhood J C [0, 1] of £ , and that we may write [f^uf] = Ylf=i c j(t)[ft^j] w ith c j 
continuous on J. Each form / t *o:t is exact on M, so ||[/ t *wf]|| < ||/ t *(itf) — S t )||£,oo( M ) = 
o(8 k ). This means that for J x CC J we have max teJl |c*(£)| = o(5 fc ) for all j < N. For 
5 > small and t G Ji we have T 5 M t C £/, it? 5 = u 5 t - J^jLi^ji^j is exact on T s M t 
(since K«? 5 ] = 0), and it approximates a t well enough. We can now patch these together 
with a partition of unity in £ to obtain a solution u\ for £ E [0, 1] satisfying theorem 7.1. 

Finally, assume is polynomially convex for all t E [0, 1] and let be the exact 
solution on Us- For 5 > sufficiently small we may also assume that TsMt is Runge in C n 
for all £. Given a < a' < 1 and e > 0, there exist £j E [0, 1], j = 1, • • • , N, and (relatively) 
open intervals Ij C [0,1], tj E Ij, such that U a s C {jf =1 Ij x T a /gM tj C t/j, and for all 
for £ E Ij we have ||it^ — uf. ^c k (T a , s M t .) < e an d 1 1 Q?f — ®ij\\c k (T a , s M t .) < e - Let /3j be a 
holomorphic (p — l)-form on TsM tj such that d/3j = u 5 t .. By Oka's theorem there is an 
entire (p — l)-form Vj such that \\f3j — ||z,°°(r 5 M t .) < e - The Cauchy estimates imply 

WPj ~ v j\W(T a , s M t .) = eo(5 _r ), and hence \\v$. - dvj\\ C r(T als M t .) = eo(5 _(r+1) ). Choosing 
e = o(5 fc+1 ), we obtain 1 1 cZv^- — a 5 t \\c r (T aS M t ) = o(5 k ~ r ) whenever t E Ij. Ifxj(£) isapartition 
of unity on [0, 1] subordinate to the covering {Ij} and we define v t = ^2jL\ Xj(t) v j( z ): then 
ut = dvt is an entire form for each £ which satisfies theorem 7.1. 4 

Proof of Theorem 1.7. By assumption f t :M — > M t is C 1 -family of C fc -diffeomorphisms 
and uj is one of the forms (1.4), (1.5). Let X t be the infinitesimal generator of f t , i.e., 
dtft(z) = X t (ft(z)) for z E M and £ E [0, 1]. Then a t = X t \u> is a continuous family of 
(j), 0)-forms on Mt, with p = n — 1 when uj is the volume form (1.4)) and p = 1 when cj 
is the symplectic form (1.5). Since f t is an w-flow, i^a t is closed on M 4 for each t, by the 
remark after definition 2. 

By theorem 7.1 there exists an extension of a t to a continuous family a t of (p, 0)- 
forms of class C k on a neighborhood of M = Utgfo i]{*} x ^ sucn ^ n at for all sufficiently 
small 5 > there exists a continuous family of closed holomorphic p-forms u 6 t on Us = 
Ute[o,i]{*} x witn H u t - atllc-(r 5 Mt) = o(^ fc_r ), uniformly in t, for < r < fe. 

The equation = l^ 5 Ja; uniquely defines a time-dependent holomorphic vector field 
Y t s on C/,5- Since u 5 t is closed, the flow Ff of is a holomorphic w-flow wherever it 
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is denned (see definition 2). If we let X t denote the extension of X t to Us defined by 
at = X t \ui, then \\Y t s — X t \\c r {T s M t ) = o(5 fc_r ), uniformly in t. We may apply lemma 4.1 
of [FL] to see that for small 5 > the flow Ff(z) exists for all t E [0, 1] and z E TgMo, 
and \\Ft — ft\\c r (T s M ) = °{^ k ~ r )i uniformly in t. In fact, it follows from the proof of this 
lemma (see section 4 and [FL]) that the same approximation also holds for the flow from 
time t to time s; if we let f t , s = f 8 o ff 1 : T$M t — > C n denote the flow of X t from t to s 
and Ff s = F s 5 o (F/) -1 the flow of Y t s from t to s, then for small S > the flow Ff s exists 
for all s,t E [0, 1], and we have \\Ff s — ft,s\\c r (T s M t ) = °{& k ~ r ), uniformly in s and t. Since 
/ t _1 = / ti o, the second estimate in theorem 1.7 follows. 

Finally, if ft is an exact w-flow, i.e., i* t ott is exact on M t for each t, and if each M t 
is also polynomially convex, then by (the proof of) theorem 7.1 above we may choose 
u t( z ) = Sj=i Xj(t)dvj(z), where Vj(z) are entire (p— l)-forms on C n and (1 < j < AT") 
are C°° functions with compact support in R which form a partition of unity on [0, 1]. 
We may even assume that vj are (p — l)-forms with polynomial coefficients. This means 
that the polynomial vector fields Xj on C n , uniquely defined by the equation dvj = Xj\u, 
are divergence free (resp. Hamiltonian). By proposition 4.1 in [F4] these can be written 

as finite sums Xj(z) = Yl!kLi^j,k{z), where Xj^ are complete divergence free (resp. 
Hamiltonian) polynomial vector fields on C n (in fact they are shear fields). Completeness 
means that the fields Xj^ may be integrated in time for all t E C (and initial points 
z E C n ). Then Yjk(t, z):= Xj(t)Xjk(z) is also a complete vector field whose integral 
curves are reparametrizations of the integral curves of Xjf~. Hence we may write Y t s = 
kYjk(t, z), i.e., Y t s is the sum of complete, divergence free (resp. Hamiltonian), time- 
dependent, polynomial (in z E C n ) vector fields. For the rest of this proof it is more 
convenient to write this sum as J2iLi z )i where each Y\ is one of the Yjk above. 

Let G\ t+s be the flow of Yj(t, z) from time t to time t + s. This means that G\ t {z) = z 
and £G{^ s (z) = Yt(t + 8,G l tit+a (z)). Define G t , t+S (z) = {G^ t+s o- ■ -oG\ t+s ){z). We can 
regard this as the flow of a time-dependent vector field X*;* +s , defined for times t' between 
t and t + s; for t+ J ^s < t' < t + j^s we define X l / +S (z) = ±Yj (t + N(t' - ^s), z). If we 
reparametrize time such that the joints are passed at zero speed, we may even assume that 
Xl; t+S is smooth and vanishes near the endpoints. We denote this smooth flow by G^* +s (z) . 
By definition, G t ,t+ S (z) = G t t , ^ s (z). Since the vector fields Yj are complete divergence 
free (resp. Hamiltonian) entire vector fields, it follows that G*;* +s is a holomorphic cu-flow, 
i.e., (Gj; t+S )*w = u when t < t' < t + s. 

For each m E N we define the concatenations F™(z) = (G 1 _j_ 1 o- ■ - oG ±)(z). Then 

by supplement 4.1. A of [AMR] we have lim m ^ 00 F^{z) = Ff(z), uniformly for z E T S M . 
As above, we can view F™{z) as the time-one map of the flow of the vector field X t defined 

by X t = X 3 ~ 7 ™ for t E [^-, 1 < j < m. Let FJ n (z) be the flow of this vector field. 
It is easy to see that we can arrange that lim^^oo F t m = Ff, uniformly in [0, 1] x 7^ Mo, 
and the Cauchy estimates imply ||-F t m — -^/Hc^Mo) < e f° r au t ^ [0) 1] an d all sufficiently 
large m E N. Similarly, (Ff 1 ) -1 is a concatenation and hence lim m ^ 00 (i 7 '{ n ) _1 = (Ff)~ x 
uniformly on TgMi; it follows that lim m ^ 00 (F t m )~ 1 = (F/) -1 on M t , hence the result 
follows by the Cauchy estimates. 4 
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Proof of Theorem 1.8. We shall see that in all cases except (iii) and (vi) the pull-back 
i* t ctt of the form at = X t \u to M t is exact for each t; hence ft is an exact w-flow and the 
result follows from the second part of theorem 1.7. 

In case (i) we have i* t at = by degree reason. In cases (ii), (iv), (v) and (vii) we first 
see that the form i* t at is closed on M t , either by degree reasons or by the comment after 
definition 2 in sect. 1; hence the cohomo logical assumptions imply in each of these cases 
that i* t a t is exact on M t . 

For the two remaining cases (iii) and (vi) it is shown on pages 439 and 441 of [F3] 
that the initial family f t may be altered to an exact, totally real and polynomially convex 
w-flow, without changing the maps fo = Id and fi; hence the result again follows from 
theorem 1.7. A 
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